THE EISENBUD-GREEN-HARRIS CONJECTURE FOR IDEALS OF POINTS

SUSAN MARIE COOPER

Abstract. It has been conjectured by Eisenbud, Green, and Harris that lex-plus-powers ideals exhibit
extremal conditions among all homogeneous ideals containing a regular sequence of forms in Pxed degrees.
In this paper we give a M acaulay-typeQ characterization of the Hilbert functions of bnite sets of distinct
points which are subsets of complete intersections in the projective spaces P2, as well as in P® under some
modest assumptions on the degrees of the regular sequence. As a result, this paper provides a proof of the
Eisenbud-Green-Harris Conjecture for a family of ideals.

1. Introduction

Let S := K[X1, ..., Xn], where k is an algebraically closed field of characteristic zero and each variable X; has
degree 1. F. S. Macaulay characterized the sequences (called O-sequences) which occur as the Hilbert function
of any quotient S/ |, where | | S is a homogeneous ideal (for details see [2, 20, 24]). Clements-Lindstrom [4]
and Greene-Kleitman [19] give combinatorial results which can be used to generalize Macaulay’s Theorem to

Hilbert functions of quotients A/ J where J is a monomial ideal in the ring T := S/ (X<1e1+ t X§2+ Lo, XEn ¥ 1)

for integers €1 " e, " &a" e, " 1. Cooper and Roberts [6, 8] extend the work of Clements-Lindstrom
to include non-monomial ideals in T. It is natural to try to exted this to obtain a “Macaulay-type” char-
acterization for the Hilbert functions of standard graded k-algebras S/ | where | is any homogeneous ideal
containing a regular sequence in fixed degrees. The Lex-Plus-Powers Conjecture, if true, implies that the
growth bounds of Clements-Lindstrém also characterize such Hilbert functions.

Let 1 # a, # &4a# a, be integers and A := {az,a2,...,an}. An A-lex-plus-powers ideal is a special
monomial ideal L ! S whose minimal generating set includes the powers of the variables X for 1 # i # n (see
Definition 2.3). Eisenbud, Green, and Harris [11, 12] conjectured that if | | S is an ideal containing a regular
sequence in degrees ay, ..., an, then there exists an A-lex-plus-powers ideal L such that H(S/1) =H (S/L).
This conjecture has come to be called the Eisenbud-Green-Harris Conjecture, denoted EGH Conjecture (see
[15, 23]).

Unfortunately, the EGH Conjecture is only known to be true in some exceptional cases (see Section 2.1).
When n = 3 the outstanding cases for the EGH Conjecture are the “tight degrees” A = {@a1, a2, a3} where
ap # ax # ag # a; + a2 $ 2. These remaining cases have proven to be very difficult to verify. In this
paper, we consider a geometric setting for the EGH Conjecture by studying Artinian reductions of ideals
of finite sets of distinct points in projective space. In particular, we focus on this geometric setting in the
cases A = {2,az,a2},A = {3,a2,a2}, and A = {3,a,,a, + 1} which are not covered by the recent work of
Caviglia-Maclagan [3]. A proof of the EGH Conjecture is obtained for these cases by exploiting the idea of
O-sequences.
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This paper is organized as follows. Section 2 gives the background. In particular, we extract work from
[6, 8] which applies the combinatorial work of Clements-Lindstrém and Greene-Kleitman to achieve bounds
for Hilbert functions of quotients of S/ (x§** Y x52* 1o, xe*1) where e; " & " 44" e, " 1 are integers.
These interpretations are not well-known. In Section 3 we define rectangular complete intersections and
characterize the Hilbert functions of subsets of these point sets. This naturally leads to the Eisenbud-Green-
Harris Points Conjecture. Our main goal is to prove the EGH Points Conjecture in some special cases. In
Section 4 we give a brief overview of the tools which will be applied in later sections. Sections 5 - 9 are
dedicated to proving the main result of the paper. The results of this paper have been extracted from parts

of [6].

2. Preliminary Definitions and Results

From this point on we fix k to be an algebraically closed field of characteristic zero. We also let S :=
K[X1,...,Xn] and R := K[X0, X1, ..., Xn]| with the standard grading such that X; >qi jex Xi+1 for 0# i # n$ 1
(where d-lex denotes the degree-lexicographic ordering).

2.1. The Eisenbud-Green-Harris Conjecture.

We use S; to denote the K-vector space spanned by the monomials of degree t in S. If I | S is a
homogeneous ideal then A := S/| has an obvious gradation A = %~ oA, where A; := St/ 1 is a finite-
dimensional vector space. The Hilbert function of A, denoted H (A), is the sequence {H (A, 1)} o, where

H (A, 1) := dimg (Ay).

Hilbert functions have been extensively studied. Perhaps the most celebrated result is Macaulay( T heorem
which implies that H (A) can be described using lex ideals.

Depnition 2.1. A lex ideal is a monomial ideal L which is minimally generated by {mq,...,m;}, where, for
j =1,...,r, all monomials of degree deg(m; ) which are larger than m; in the degree-lexicographic ordering
are contained in L.

Theorem 2.2. [20, 24] (Macaulay’s Theorem) Let | | S be a homogeneous ideal. Then there exists a lex
ideal L such that H(S/1)=H (S/L).

To demonstrate, let | = (X2 + X1X2,X3X2,X3 +x3) ! S = K[X1,X2]. Then dimgl; = 0,dimg 1, =
1,dimg 13 = 2,dimg l4 = 4,dimg |l; = dimg Rj for i " 5. Let L = L1 + L, + 884 be the lex ideal where
L; is generated by the largest dimy |; monomials of degree i in the degree-lexicographic ordering; so L1 =
(0),L2 = (x3),L3 = (x3,x3x2),La = (X7, X3X2,X3x3,%x1X3), etc. Then H(S/L)=H(S/1)=122210 &4

The Eisenbud-Green-Harris Conjecture is an attempt to generalize Macaulay’s Theorem to ideals con-
taining regular sequences. Indeed, this conjecture has gained much recent attention.

Let 1# ay # ap, # &&a# a, be integers and A :={az,az,...,an}.

Debnition 2.3. A lex-plus-powers ideal with respect to A is a monomial ideal L in S of the form J + P
where J is a lex ideal and P = (x§*,x52,...,x3).

Equivalently, a lex-plus-powers ideal with respect to A is a monomial ideal L ! S which is minimally
generated by {Xel11 , ng veen X3, My, ..., me}, where, for j = 1,...,r, all monomials of degree deg(m;)
which are larger than m; in the degree-lexicographic ordering are contained in L. For example, let A =
{2,3,3}. Then L = (X%,X%,X%,Xlxg,MXng) is a lex-plus-powers ideal with respect to A, but L¥* =
(x2,x3,x3, X1X3, X1X2X3, X3X3) is not since X1X3 > g1 ex X53X3 and X1X3 is not in L*

Conjecture 2.4. [3] Let | | S be a homogeneous ideal containing a regular sequence Fy,...,F, of forms
of degrees deg(Fi) = @;. Then there exists a homogeneous ideal J containing {X§*,x32,...,x3"} such that
H(S/1)=H(S/J).
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Clements-Lindstrém [4] show (in a combinatorial fashion) that for any monomial ideal M ! S containing
{x§*,x52,...,x8} there is a lex-plus-powers ideal L with respect to A with H(S/M ) = H (S/L). Cooper-
Roberts have generalized this fact.

Lemma 2.5. [6, 8] If | | S is any homogeneous ideal containing {x3*,x52,...,xa}, then there is a lex-
plus-powers ideal L with respect to A such that H(S/1)=H(S/L).

Thus, Conjecture 2.4 can be restated as follows.

Eisenbud-Green-Harris (EGH) Conjecture [3, 11, 12, 15] If | ! S is a homogeneous ideal containing

a regular sequence F1,F,...,F, of forms of degrees deg(F;) = &, then there is a lex-plus-powers ideal L
with respect to A such that H(S/1)=H(S/L).

Despite much effort, the EGH Conjecture is known to be true only in some exceptional cases. It was
originally stated in the case when each a; = 2. The conjecture has been proven in the cases where L is an
almost complete intersection [14], and when n = 2 [23]. Mermin-Peeva-Stillman [22] have results for ideals
containing squares of the variables. Also, Mermin-Murai [21] have proven the conjecturg for pure powers.
Recently, Caviglia-Maclagan [3] have proven that the EGH Conjecture is true if g > = 1. l(a, $ 1) for
j = 1,...,n. Thus, when n = 3 the outstanding cases for the EGH Conjecture are the “tight degrees”
A ={a;,a,a3} where a; # a, # ag # a; +a» $ 2. These remaining cases have been very difficult to verify.

On the geometric side, the EGH Conjecture has been proven for Artinian reductions of ideals of reduced,
distinct, finite point sets in P?, as well as in P® under some assumptions on the degrees of the regular
sequences [6]. This paper focuses on this geometric setting in the cases A = {2, a8, a2}, A = {3,a2, a2} and
A ={3,az,a2 + 1} which are not covered by the Caviglia-Maclagan result.

Many algebraic ideas have been introduced to gain insight about points in projective space P". The
Hilbert function has played a central role in many problems. If X is a finite set of distinct points in P", then
the Hilbert function of X is simply the sequence H (X) := H (R/1(X)), where I (X) ! R = K[Xo,X1,...,Xn] is
the homogeneous ideal of X. In this paper we will only consider distinct, reduced sets of points.

Hilbert functions of ideals of finite sets of distinct points are well-known. We will see a “Macaulay-
type” characterization in the next section. This characterization uses the first difference operator A. Let
P :={c}i o0 be a sequence of non-negative integers. We define the brst di! erence sequence of P to be the
sequence AP :={di}i» o where dy :=cp and d; :=¢ $ ¢, 1 fori " 1. The method of finding P given AP is
called integration. We often denote ¢; by P (i) and di by AP(i).

When we consider the EGH Conjecture in the geometric setting we focus on complete intersections.

Debnition 2.6. Let Y be a finite set of distinct points in P". Then Y is a complete intersection of
type {di,...,dn} if 1(Y) can be generated by exactly n homogeneous polynomials F1,...,F, & R, where
Fi,...,Fn is a regular sequence and deg(Fi) = di, where we assume, without loss of generality, that
1# d # d, # &8a# d,.

Notation 2.7. We denote by C.I.(dy, ..., dn) all the finite sets in P" of ! = d;d, 84ad, distinct points which
are complete intersections of type {di,...,dn}.

Hilbert functions of complete intersections are well-known and can be found using the Koszul complex.

Facts 2.8. Let Y & C.I.(dy,...,dy) ! P". Then the following hold:
(1) AH(Y) is the Hilbert function H (K[X1,...,Xn )/ (x$2,...,x%));
(2) The least integer t for which AH (Y,t) = 0 isdy+dy +84+dy $ (n$ 1);
(3) AH(Y,t) is symmetric, i.e. AH(Y,t) = AH(Y,d; +d2 + 8+ d, $ n$ t) (where AH(Y,s) =0 for
all negative s).
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Notation 2.9. By Facts 2.8, sets in C.I.(dy,...,dn) have Hilbert functions which depend on the degrees
di,...,dn, rather than on the location of the points. That is, all sets in C.I.(dg,...,d,) have the same
Hilbert function. From this point on we will denote this special Hilbert function by He . (q,,....d)-

A finite set X of distinct, reduced points is obviously contained in some (in fact, many) complete inter-
sections, if we have the freedom to pick the degrees of the defining polynomials. One main question is to fix
these degrees and find conditions that a given Hilbert function must satisfy in order for it to be the Hilbert
function of a subset of points in a complete intersection.

Question 2.10. Fix integers 1 # di # dy # 888# d, and let H be the Hilbert function of some finite set of
distinct points in P". Do there exist finite sets of distinct, reduced points X and Y such that: (1) X ! Y;
(2) H(X) =H; and (3) Y is a complete intersection of type {d1,...,dn}?

Notation 2.11. In this paper we will often compare Hilbert functions of finite sets X ! Y ! P". Given two
sequences P = {G}i" o and P#={@g};" o, we will write P # P¥if ¢ # e for each i.

In Section 3 we will see that Question 2.10 has been answered for a family of complete intersections called
rectangular complete intersections. This answer will naturally give rise to what we will call the Eisenbud-
Green-Harris Points Conjecture.

2.2. The EGH Conjecture and Some Enumeration.
It will be helpful to view Macaulay’s Theorem in a combinatorial fashion. Let | be a homogeneous ideal

in S = Kk[X1,...,Xn]. The growth bounds of the Hilbert function H (S/1) can be explicitly described using
the well-known Macaulay® function <> : N' N.

DePnitions-Proposition 2.12. [2, Lemma 4.2.6] Let h and i be positive integers. Then h can be written

uniquely in the form oy # PR
m; miy 1 m;
h= " + . +aaat+ .,
[ i$1 j
where m; > m;; 1 > &a> m; " j " 1. We call this expression for h the i-binomial expansion of h. We
define " & # " #
herr = WP Mt g, M
I+1 I ] +1
By convention, we define 05> := 0.
$% $,% $% $.%
For example, the 3-binomial expansion of 16 is 16 = 3 + , and so 16°% = 3 4+ 3 = 25. We will

often use the fact that if h and i are positive integers such that i " h, then h*'> =h.

Debnition 2.13. Let P :={c}i" o be a sequence of non-negative integers.

(1) P is called an O-sequenceif ¢o = 1 and G+1 # ¢~ for alli " 1.
(2) P is called a di! erentiable O-sequence if both P and AP are O-sequences.

Macaulay’s description of the Hilbert functions of quotients S/1 can be stated alternatively as follows.

Theorem 2.14. [20, 24] (Macaulay’s Theorem) Let H := {G}i» o0 be a sequence of non-negative integers.
The following are equivalent:

(1) H is an O-sequence;
(2) H is the Hilbert function of some quotient S/ 1 where | is a homogeneous ideal.

This has been generalized to Hilbert functions of points as follows.

Theorem 2.15. [17] Let H :={c}i" o be a sequence of non-negative integers. The following are equivalent:
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(1) H is a differentiable O-sequence, ¢; # n+ 1, and ¢ = s for i >> 0;
(2) H is the Hilbert function of some s distinct points in P".

The idea of O-sequences has been extended to the setting of the EGH Conjecture. We state the main
results here; for full details see [4, 6, 8, 19]. We begin with the analog to Macaulay’s function.

Debnition-Proposition 2.16. Fix integers 1 # d; # d, # &a# d, and t,h " 1 with the property that
h# AHc i (d,,...dy)(t). Then h can be written uniquely in the form

h=AHc, ay,....dn) (1) + AHc.i (dy, ,.....dn) (1S 1) + 888+ AHc i (dp, ... dn) (1)

where 1# by # by 1 # &a# b # n, terms of the form AHc¢ j (q,,...,d,)(J ) appear at most once, and terms of
the form AHc | (q;,....d,)(J ) appear at most diy 1 $ 1 times for 2 # i # n. In addition, if t & 0 then i > 0.
We call such a decomposition the t-{ds, ..., dy}-binomial expansion of h.

Debnition 2.17. Let t,h,ds,...,d, be as in Definition-Proposition 2.16. We define h(® to be the number
h® .= AHC.I.(dm dn)(t) + &aa+ AHC.L(dbi ..... dn)(i +1).

By convention, we define 0() := 0.

The function h®) depends on h,t, and {dy,...,d,}. Our notation does not imply the dependence on

{di,...,dn}. However, it will be implicit in our discussions what d,...,dn are (see Example 2.20).
Notation 2.18. Given integerse; " e " 84" e, " 1,lete:={e1,...,e,} and S¢ := S/ (x&*L L xe 1),

The above definitions and observations can be applied to obtain a “Macaulay-type” characterization for
the Hilbert functions of graded quotients of Se.

Theorem 2.19. [6, 8] Let | be a homogeneous ideal of Se such that H (Se/1,t) := h;. From Depnition-
Proposition 2.16, let dy =€, +1,dp =€y 1+ 1,...,dy =€, + 1. Then hyy 1 # h(") for all t" 1.

The assignments d; = e, +1,d, = ey 1+ 1,...,dy = € + 1 seem backwards and are most definitely
awkward! The main reason we use this convention is to apply results found in the literature. In generalizing
Macaulay’s Theorem, Clements-Lindstrom [4] use the degree-lexicographic ordering. However, later results
(such as in [19]) use the degree-reverse-lexicographic ordering. In [6, 8] it is preferred to use the degree-
reverse-lexicographic ordering as it allows us to work with order ideals.

The following computational scheme can be used to find the bound described in Theorem 2.19. Let | be
a homogeneous ideal of S such that H (Se/ | ,t) := h¢. In order to find the t-{ds, ..., dy}-binomial expansion

of hy we construct “Pascal’s Table” whose ith row is
n dntoi+
AHC-'-(dn!Hl ..... dn):H(k[Xl,...,Xi]/(Xg ""’Xi 1))
Number the columns starting from 0. Decompose h; as follows: select the largest number in column t which
does not exceed hy, call this number " ;1. Note that, since | | Se, we have "1 # hy. If " 1 = h then we are

done. If "1 < h¢ then select the largest number in column (t $ 1) which does not exceed hy $ " 1, call this
number " 5. If "1 +" 2 = hy then we are done. If "1 +" 2 < h; then we repeat the above by decomposing
hi$ "1$ ", starting in column (t $ 2). Continue in this fashion. It turns out that h(® is the number
obtained by shifting each entry obtained in decomposing h; one unit to the right in the table.

Example 2.20. Let Se = K[X1, X2, X3]/ (x],x3,x3). We use the “Pascal’s Table”:

degree: 012 3 4 5 6 7 8 9 10 11 12 13 &&
AHc. (1) 1 111 1 1 1 0 0 0 0 0 0 0 °
AHc_|_(4y7)2 1 2 3 4 4 4 4 3 2 1 0 0 0 0 '
AHc_|_(4’4’7)Z 1 3 6 10 13 15 16 15 13 10 6 3 1 0 '
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Suppose that | | Sg is a homogeneous ideal with H (Se/ 1, 3) = 8. The 3-{4, 4, 7}-binomial expansion of
8 is

8= AHc.473)+AHc1.47(2) + AHci(7(1) =4+ 3+ 1.
So
8% = AHc..(a7(4) + AHca7) (3) + AHe ) (2) =4 +4+1 =09,

We conclude that H (Se/1,4) # 83 = 9.

If we extend the definition of the & to be “) ” then the language of Clements and Lindstrom allows us to
recover Macaulay’s Theorem. Indeed, the “Pascal’s Table” constructed in this case would simply be Pascal’s
Triangle and the decompositions would be the more well-known binomial expansions.

Theorem 2.19 allows us to restate the EGH Conjecture in a combinatorial fashion.

Eisenbud-Green-Harris (EGH) Conjecture 11 [3, 11, 12, 15] Let 1 # a; # a, # &4a# a, be integers.
Suppose that | ! S is a homogeneous ideal which contains a regular sequence Fi,F,...,F, of forms of

degrees deg(F;) = a. From Definition-Proposition 2.16, let di = &. If H(S/I,t) := h¢, then hi+1 # hft) for
allt™ 1.

3. Rectangular Complete Intersections and the EGH Points Conject ure

We now study rectangular complete intersections. These special sets play a crucial role in classifying the
Hilbert functions of subsets of arbitrary complete intersections.

Assumption 3.1. From now on we assume that all elements of C.I.(d1,...,dn) are in P" and no smaller
projective space, i.e. we assume that d; " 2. We will label the coordinates of points in P" as [Xg : X1 : ... : Xp].

Debnition-Proposition 3.2. Fix positive integers 2 # di # d, # d8a# dn. Let Y ! P" be the following
set of did, 884d, distinct points with integer coordinates:

{l:b:..:B]|0# L # A S 1,0 b # dny 18 1,...,0# b, #d1 $ 1},

Then Y & C.I.(di,...,dn). The set Y is called the rectangular complete intersection of type {di,...,dn},
and is denoted Y = Rect.C.1.(dy,...,dn) (see Example 3.3).

One can verify that Rect.C.1.(d1,...,dn) is the intersection of the hyperplanes Hy,...,H,, where Hj is

the zero set of h; with:

hl Xl(Xl $ 1X0) ééé(xl $ (dn $ 1)X0)
hy = X2(X2$ 1xo)&8&(x2 $ (dni 19 1)Xo)

hn := Xn(Xn $ 1X0) &A(Xn $ (d1 $ 1)Xo).

As before, the condition by # d, $ 1, # dyi 1 $ 1,...,00 # di $ 1 indeed seems backwards. Our choice
gives a convenient bijection between the points in Rect.C.I1.(d1, ...,dy) and order ideals.

Example 3.3. Rect.C.1.(2,3,4) can be visualized as the 24 dots (¥) in the following rectangle. Starting from
the origin, we use 4 units in the X1-direction, 3 units in the Xp-direction, and 2 units in the X3-direction, i.e.
Rect.C.1.(2,3,4) is visualized as a 3* 4 block on two levels.
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The points in the bottom layer of Rect.C.1.(2,3,4) are: {[1: by : | b, b &N, 0# by # 3,0# b # 2}.
The points in the top layer of Rect.C.1.(2,3,4) are: {[1:b; : b : 1] | bl, b, &N,0# by # 3,0# b # 2}.
Note the bijections

Rect.C.1.(2,3,4) + {(by,bp,b3) & N3 |0# by # 3,0# b # 2,04 bz # 1}
+ {x1x2x33&k[x1,x2,x3]|0#b1#30#b2#20#b3#1}

where
[1:by:by b+ (b, by, bs) + x2x%x,
Theorem 3.4. Let AH = {h{} ¢ bethe brst di! erence Hilbert function for some Pnite set of distinct points

in P" such that AH # AHc ) (4,,....d,), Where 2 # dy # aaa# d, are as in Debnition-Proposition 2.16. Then

AH is the brst di! erence Hilbert function for some subset of Rect.C.1.(d1,...,dy) if and only if hys 1 # hﬁt)
for all t" 1.

Proof. By [17, Lemma 2.3], if there is a subset of Rect.C.I.(dy, ..., dy) with first difference Hilbert function

AH then we must have AH # AHc j (4,,....d,)- First suppose that h. 1 # hgt) forallt" 1. We construct a
subset X of Rect.C.I.(dg, ..., dy) such that AH (X) = AH. Let

T={x"x2 x> |0# by # dy $ 1,04 bp# dyy 1$1,...,0# by # dy $ 1}

and
Ti = {xBx% a8 & T | deg(x2* 488x2 ) = by + by + &é+ b, = i}.

For each i, we also let K be the h; largest monomials of T; with respect to the degree-reverse-lexicographic
ordering and K :=, = 1Kj.

Since hy+ 1 # hst) for all t " 1, the set K is an order ideal of monomials (see [6, 8]). Now let M denote
the set of all monomials in S = K[X1,...,Xn]. Then M \ K generates a monomial ideal J of S. By [16,
Theorem 2.2], J lifts to a homogeneous ideal in k[Xg, X1, ...,Xn]. Moreover, as seen in the proof, when we
lift J we obtain a finite set of distinct points X in P" which has first difference Hilbert function AH.

Conversely, now suppose there is a subset X of Rect.C.I.(dy, ..., dn) with first difference Hilbert function
AH. Let I I S:=K[Xq,...,Xn] be the ideal obtained from I (X) after moding out by Xg. Then H (S/1) =
AH. Using the 1-1 correspondence between the points of Rect.C.I.(dg,...,d;) and the monomials of S,

Theorem 2.19 is applied to obtain hi. 1 # hgt) forallt" 1. !

Example 3.5. Consider Rect.C.1.(3,4,4).
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Our “Pascal’s Table” is:

degree: 0123 4 5 6 7 8 9 10 11 12 13 &aa
AHc . (4): 1111 0 0OOOOTG O O O O '
AHc_|_(4’4)Z 1 2 3 4 3 2 1 O O O O O O O '
AHc344:|1 3 6 9 10 9 6 3 1.0 0 0 0 0 '

Let AH:=1368710" . Clearly AH # AHc | (34,4 It is easy to verify that AH(t + 1) # AH (t)(V for
allt" 1. For example, the 5-{3, 4, 4}-binomial expansion for AH (5) is

AH(B)=1= AHC_|_(4) (5)+ AHC.I.(4) (4) + AHCI|.(4) 3)=04+0+1

and
AH(6) =0# 1 = AHc (4)(6) + AHc 1 (2)(5) + AHc () (4) = 0.

The set X constructed in the proof of Theorem 3.4 consists of the points with integer coordinates:

{[1:i:j:K|O0#i,j,k# 1,i4+]j+k=1}, {[1:i:]:K|0O#i,j,k# 2,i+] +k=2},
{lci:j:k|O#i,j#3,0#Kk#1,i+]+k=3}, {[1:i:]j:K|0#i,j#30#k#1,i+]+k=4},
[1:0:0:0],[1:1:0:2],[1:3:2:0].

Theorem 3.4 naturally leads to the Eisenbud-Green-Harris Points Conjecture:
Conjecture 3.6. With integers 2 # dy # d, # &8a# d, as in Definition-Proposition 2.16, the sets

{H | there exist sets X! Y & C.I.(d1,...,dy) such that H(X) = H}

and

{H | there exist sets X! Y & Rect.C.I.(dg,...,dy) such that H(X) =H}

are equal. Equivalently, if AH = {h¢}¢» ¢ is the first difference Hilbert function of some finite set of distinct
points, then there exist sets X! Y & C.I1.(d1,...,dy) if and only if hy+ 1 # hft) forallt" 1.

4. Some Useful Tools

In this section we briefly collect some of the main tools which will be applied in later sections when proving
special cases of Conjecture 3.6. Unless otherwise stated, we will let R := k[Xg,...,Xn] and S := K[X1, ..., Xn].
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4.1. Pairs of Hilbert Functions.
The Generalized Cayley-Bacharach Theorem below gives a formula relating the Hilbert functions of subsets
of complete intersections.
Theorem 4.1. [9, Theorem 3] Let Y & C.I.(dg,...,dy)! P" andlet X! Y. Then
AH(Y,t) = AH(X,t) + AH(Y\ X,d; +dy + 88+ d, $ n$ t).

That is, Hilbert functions of subsets of complete intersections come in pairs. We emphasize the importance
of this observation with the following definition.

Depbnition 4.2. Let H be the Hilbert function of some finite set of distinct points in P" such that AH #
dn)- Define AH® = {AH®(t)}t o to be the sequence where

AHC(t) := AHc ) (4;,...d,) (1) $ AH(d; + dp + 888+ dy $ NS 1).

Let H® be the sequence obtained by integrating AH®. We call H® the {d, ..., d,}-complementary Hilbert
function to H.

.....

Remark 4.3. The sequence H® need not be the Hilbert function of some finite set of distinct points in P"
(i.e. a differentiable O-sequence). However, by Theorem 4.1, if X is contained in a complete intersection of
type {di,...,dn} and H (X) = H, then the complement of X has Hilbert function H® and we can conclude
that indeed HC is a differentiable O-sequence.

4.2. The Two Variable Trick.

Suppose | I k[X,y, z] is a homogeneous ideal which contains a regular sequence of forms F, G in degrees
d1,dz, respectively. We show that we may as well assume F and G are in only two variables. Since F, G
have no common factor, the zero loci {F = 0} and {G = 0} in P? have no common components. In addition,
there exists a generic line | such that {F = 0} - | and {G = 0} - | have no common components. By a
linear change of variables, we can assume that the line | is z = 0. Perform a 1-parameter deformation on |
be sending X ." X,y ." y,z." tz, where t is a non-zero element of the field k. Treat t as a variable and let
| be the limit ideal obtained by letting t ' 0. It is well-known (see Sections I1.3.4 and III.3.2 of [13] and
Section 15.8 of [10]) that H (k[x,y,z]/1) =H (k[x,y,z]/] ).

Notice that F . F(x,y,0) +F#t,x,y,2), where F (X,y,0) is a form in X and y only and F¥t,X,y,2) is a
form in t, X,y and z and which is divisible by z. Ast." 0, it is easy to see that the “limit” of F is F (X,y, 0),
which is really F||. Similarly, ast." 0, the “limit” of G is G||. Since {F = 0} - | and {G = 0} - | have
no common components, F|| and G|, have no points in common, and hence the “limits” of F and G form a
regular sequence. Thus | ! K[X,Yy,z] has a regular sequence of forms F1, F, such that F1,F2 & k[x,y] and
are of degrees dp, dz, respectively. We call this the “2 variable trick”.

Proposition 4.4. Let X! Y & C.1.(d;, dz,d3) be bnite sets of distinct points, where d; " 2. There exists
a homogeneous ideal | ! k[xy,X2,X3] such that :

(1) I contains a regular sequence of forms Fi, F, such that Fq, F, & k[x1, x2] and are of degrees di, dy,
respectively ;
(2) H(k[x1,X2,x3]/1 )= AH (X).
Proof. We can assume that no point of Y lies on the hyperplane xg = 0. Let | := [ (X) and J := % !

K[X0,X1,X2,X3)/ (Xo) := A. The canonical image J ! A = Kk[X1, X2, X3] contains a regular sequence of forms
F,G in degrees dp, dy, respectively, and H (A/J) = AH (X). Now apply the 2 variable trick to J. !
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4.3. Ideals Containing Regular Sequences.

In this section we present some facts regarding regular sequences of forms which are all in the same degree.

Proposition 4.5. [6, Proposition 4.2.4] Let | ! S be a proper, non-zero homogeneous ideal generated in
degrees less than or equal to d. Suppose that | contains a regular sequence of forms of length r. Then there
exists a minimal generating set for | containingr formsin degrees less than or equal to d which are a regular
sequence.

Lemma 4.6. [6, Lemma 4.2.7] Let | | S be a homogeneous ideal containing a regular seguence of forms
Fi,...,Fn. We can bnd general linear forms Ly,L5,...,L, & S such that F1LSt, FoL92, ..., FoLd" &1 is
again a regular sequence for any integers dq,...,dn " 0.
Notation 4.7. Suppose X ! Y & C.I.(d1, dz, d3). By Proposition 4.4, we can find a homogeneous ideal | !
K[X1,X2,X3] such that | contains a regular sequence F, G & K[X1, X2], where deg(F ) = di, deg(G) = d, and
H (K[x1,X2,X3]/1 ) = AH (X). Fix a degreet " dz. By Lemma 4.6, there exist linear forms L1, L2 & K[X1, X2]
such that F Ltl! d GLtz! d2 g k[x1,X2] is again a regular sequence. We will refer to | as the specialized ideal
associated to X.
We conclude this section with bounds for the growth of certain ideals.

Theorem 4.8. [6, Theorem 4.6.2][7] Let R = K[Xo, X1, X2], R* = k[Xo,X1] and bx | := (F,G,H1,Hz,...,H¢)!
R to be a homogeneous ideal such that:

(1) 1 is minimally generated by F,G,H1,H>,...,Hy;

(2) deg(F) = deg(G) = deg(H1) = deg(H2) = 888= deg(H¢) = d;

(3) F,G & R*

(4) F,G is a regular sequence of forms.
We also Px J to be the monomial ideal of R generated by x3, x¢ and the t largest monomials, with respect to the
degree-lexicographic ordering, in Rg\ {xd, x{}. Then dimy (R1lq4) = dimy (I4+1) " dimy (R1Jq) = dimk (Jg+ 1)

Using the degree-lexicographic ordering, we will always order the generators of J as Xg, X‘lj, mq,..., My
where M; >g.jex Mi+1, S0 it makes sense to speak of the “last generator” of J. We see that dimy(l4) =
dim (Jg¢), and hence H (R/1,d) = H (R/J,d).

It will be useful for us to group the degree d monomials of K[Xg, X1, X2] as described below.

DebPnition 4.9. We group the monomials of K[Xo, X1, X2]q as follows:

Group i == {x&" "xi,x3" 'x!' Tx,x3" 'xY 2x3,...,x3" xb}, for 1# i # d$ 1,
Group 0:={xJ,x§} and Group d:={x¥ *xz,x¢" ?x3,...,x9}.

Note 4.10. Let J be as in Theorem 4.8. It turns out that dimy (R1Jq4) depends on the group to which the
last basis element m; of Jgq belongs. It is shown in [6, 7] that when the last element of J passes from the last
element of Group i to the first element of Group (i + 1), where 0# i # d$ 3, then dimy (R1Jq) increases by
2. However, when the last element of J passes from Group i to Group (i +1), fori =d$ 2 or d$ 1, then
dimy (R1Jq) increases only by 1. Moreover, when the last element of J passes to the next element within
any Group i, for i " 1, then dimy (R1Jq) increases exactly by 1. This is one way to find dimg (R1Jq).
Example 4.11. We demonstrate Note 4.10 by showing the growth of the ideal J for degree d = 4. In
the table below, find dimg(Jg) in the middle row. Then dimg (R1Jg) is the number immediately on top of
dimy (Jg). The corresponding number in the last row indicates the group of Definition 4.9 to which the last
generator of J belongs.

dimg(R1J4): |3 6|8 9|11 12 13|14 15 16 17|18 19 20 21
dimg (J4) : 1 213 4|5 6 7|8 9 10 1112 13 14 15
Group: 001112 2 2|3 3 3 3|4 4 4 4
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4.4. Maximal Growth.

Gotzmann [18] considers the situation when a Hilbert function attains the maximal growth permitted by
Macaulay’s Theorem. Bigatti, Geramita, and Migliore [1] study both algebraic and geometric consequences
of Hilbert functions attaining maximal growth.

Debnition 4.12. Let | be a homogeneous ideal in the polynomial ring R. If b = H (R/1,1i) is the Hilbert
function of the ring R/1 in degree i, then we say that H (R/1) (or R/1) has maximal growth in degree d if

e 1 = b5 9.

Remark 4.13. If H(R/1) has maximal growth in degree d then | has a minimal generating set which has
no element in degree d + 1.

Using maximal growth, Bigatti-Geramita-Migliore are able to give situations in which homogeneous ideals
are guaranteed to have a greatest common divisor (GCD) in certain degrees. We will apply these results
and refer the reader to [1] for the full details.

5. Subset s of Compl et e Intersectionsin P?

Our goal is to prove Conjecture 3.6 for some special families of complete intersections. We begin our
study in P?. In this section we let d; =a" 2 and dp = b from Definition-Proposition 2.16.

Notation 5.1. Let H be the Hilbert function of some finite set of distinct points in P". Then #(H) :=
min{t" 1] AH(t) = 0}.

Proposition 5.2. [5, Proposition 5.1.5] Let H be the Hilbert function of some Pnite set of distinct points
in P2 where AH # AHc i (ap and #(H) > b. If there exist Pnite sets of distinct points X ! Y & C.1.(a,b)
such that H(X) =H, then AH(t) E AH(t+ 1) for anyt &{b$ 1,...,#(H) $ 2}.

Proposition 5.2 is proven by contradiction: if such sets exist where AH(t) = AH(t + 1) for some t &
{b$ 1,...,#(H) $ 2} then, using the formula from Theorem 4.1, we see that AH (Y \ X) is not an O-
sequence.

The following gives formulas for the growth bounds described by Clements-Lindstrom for first difference
Hilbert functions of subsets of Rect.C.I.(a, b).

Proposition 5.3. Let c and t be positive integers such that ¢ < AHc j (ap(t), wherea™ 2.

(1) If t# b$ 2, then cV =c.
(2) If t" b$ 1, then c =c$ 1.

Proof. In order to calculate the t-{a, b} -binomial expansion of ¢ we use the “Pascal’s Table”:

degree: 0 1 &4 (a$1) &&a (b$ 1) b &4 (a+b$1) a4
AHC.I.(b): 1 1 &a 1 aaa 1 0 aéa 0 '
AHC_L(a’b): 1 2 aaa a aaa a (a$ 1) aéa 0 '

Since ¢ < AHc (a,p(t), note that when finding the t-{a, b}-binomial expansion of ¢ we will only use
entries from the row labelled AH¢ | (p). If the expansion uses terms from degrees " b$ 1 then, after shifting
each entry one unit to the right in the table, the resulting number ¢t will equal ¢$ 1; otherwise, ¢ =¢. !

Theorem 5.4. Let AH = {h¢} o be the brst di! erence Hilbert function of some bnite set of distinct points
in P2 such that AH # AHc | (ap), Where @™ 2. Then there exist bnite sets of distinct points X ! Y &
C.l.(a,b) such that AH (X) = AH if and only if ey 1 # h(" for all t" 1.
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Proof. By [17, Lemma 2.3], if there are such sets then AH # AHc | (a,p. Also, if hyv 1 # hgt) forallt" 1
then Theorem 3.4 gives that there exists a subset X of Rect.C.I.(a, b) with AH (X) = AH.

Now suppose there exist finite sets of distinct points X ! Y & C.I.(a,b) such that AH(X) = AH. We
may as well assume 1 # hy < AHc | (ap)(t) and hys 1 € 0, otherwise the inequality hys 1 # hgt) is trivially
satisfied.

Assume t # b$ 2. Then hy # t, and hence hf'> = h;. Macaulay’s Theorem implies hy+1 # hi'” = h;.
By Proposition 5.3, hst) =h¢, and so his 1 # hgt).

Nowlett" b$1. Thenhy # a$1# b$1# t, andsohy' =h;. Asabove, hys1 # hf” =hy. Ifhye 1 = hy
then we have a contradiction to Proposition 5.2. So hi+1 # hy $ 1 and we are done by Proposition 5.3. !

Remark 5.5. In [23] it is shown that the EGH Conjecture holds for the two variable case (S = k[x1, X2]).
Thus Theorem 5.4 could also be presented as consequence of this fact. However, the above proof is self-
contained and is a slight reformulation of independent results from [5].

6. Subset s of C.l.(I,m,n): The Beginning Degre es

We now verify the Eisenbud-Green-Harris Points Conjecture (Conjecture 3.6) for certain complete inter-
sections in P3. As expected, since the conjecture has been unyielding in many cases, the proofs are lengthy
and involve verifying many cases. For the reader’s convenience, we have separated the proofs into a series
of lemmas over Sections 6, 7, and 8. We verify the bounds degree-by-degree, starting with the beginning
degrees.

Throughout Sections 6, 7 and 8, we let d; = |,d; = m and d3 = n from Definition-Proposition 2.16.
We omit proofs of the formulas analogous to Proposition 5.3; the proofs are similar in spirit and, although
tedious, are easily verified. By convention, we always define Jd(@ =0ifj > d.

Lemma 6.1. Suppose that X! Y & C.I.(I, m,n) are bnite sets of distinct points where | " 2. Let AH :=
AH(X) ={h}to. Thenhys 1 # h{Y for 1# t# m$ 2.

Proof. As argued in Theorem 5.4, we can assume 0 < hy < AHc j (1,m,n(t).

Case 1: Assume 1# h; # t. By [6, Proposition 5.2.1], h{" = h;. Now h$*> = h; and so, since AH is an
O-sequence, his1 # hi” =hy = h”,
Case 2: Now assume hy = (t+ 1)+ ]-r:O(t$ j)+afor some integersr " $1land 0# a<t$r$ 1. By [6,
Proposition 5.2.1], hgt) = ht +r1 + 2. Note that the t-binomial expansion of h is

# # # #
he — t+1 n t L Ahs t$r n t$r$2 s t$r$asl
Tt t$ 1 t$r$1 t$r$2 t$r$as 1l

So hf* = hy +r + 2. By Macaulay’s Theorem, hys 1 # hy +1 +2 = h?). !

Lemma 6.2. Supposethat X! Y & C.I.(I,m, n) are bnite sets of distinct pointswhere| " 2andn$ m*" 1.
Let AH := AH (X) = {h{}+» 0. Then hy, # p(mt 1)

m! 1

Proof. As in Lemma 6.1, we can assume 0 < hym1 1 < AHc m,n(Mm$ 1).

Case 1: Assume hym 1 # m$ 1. By [6, Proposition 5.2.1], him!ll) = hmy 1. This case is now argued as in
Case 1 of Lemma, 6.1.
Case 2: Now suppose hyi 1" m. We consider two situations.
If hyy 1 # 2m $ 2, then the (M $ 1);-#binc|>'mia1 exgansion of hyy 1 is "
m m$ 2 . m$(hp1$mMB1

1= g1 T ms2 T ng thmasmsi
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and so hs™ ¥ = hpy 1 4+ 1. Macaulay’s Theorem gives hy # hmi 1 + 1. By [6, Proposition 5.2.1],

hSn”: ! 11) = hm1 1 and so we need only rule out the situation where hy, = hmy 1+ 1. In a moment we will argue
by contradjction and suppose that hy = hmy 1+ 1.
Ifim$ J'I:llj # hpo< (i+1)m$ "’ ;=1j for some integer 2 # i < m, then we can write hpy 1 =

' ;Iz%)(m $ j) + a for some integer 0 # a< m$ i. Doing so we see that the (m $ 1)-binomial expansion of

hmi 1 s

" & v # " _ o . # " . #
m - m$ 1 +ééé1+_m$|+1 N m$is1 +ééél+_m$|$a
m$ 1 m$ 2 m$i m$is1 m$i$a’
Hence, h3 "1 Y = hmi 1 +i. As above, hm!ll) =hmi 1+ (i $ 1) and we need only rule out the situation
where hy, = hi 1+ 1. We will also argue this situation by contradiction and suppose that hy, = hmy 1 +1.
We can assume that none of the points of Y lie on the hyperplane Xo = 0. Let I ! A := K[X1, X2, X3]

be the image of |1(X) obtained by moding out by Xg. Then | contains a regular sequence of forms F,G,H
where deg(F) = | # deg(G) = m # deg(H) = n. By Lemma 4.6, there exists a linear form L1 & A such that
F Lrln! 'G&ly is again a regular sequence of forms.

Consider the two contrary assumptions above. In either case, H(A/l) = AH has maximal growth
from degree (M $ 1) to degree m. So [1, Proposition 2.7] gives that |m has a GCD of positive degree, a
contradiction. !

Lemma 6.3. Supposethat X! Y & C.I.(I, m,n) are bnite sets of distinct pointswherel " 2andn$ m" 2.
Let AH := AH (X) = {h}¢ 0. Then hyy 1 # h§Y.

Proof. As in Lemma 6.1, we may as well assume 0 < hpy < AHc j ¢1,m n)(M).

Using Notation 4.7, let |  be the specialized ideal associated to X and A := k[X1, X2, X3]. Recall that | n
has a regular sequence of forms F Lrln! ' G& k[x1,X2] and dimy (I m+1) " dimg (Azl m).
Case 1: Assume hyp, # 3m $ 2. By [6, Proposition 5.2.1], h(m = hm and so we want to show that

A1 # Ny $10, %0 $,. %0
Now dimy (I m) = ™52 $ hm " ™2 $ 3m + 2. By Theorem 4.8 and Note 4.10,
" " #
m-+3 . w1 . Mm+3

implying that hm+1 # hpy, as claimed. .
Case 2: Suppose im$ J”:ij #hpy<(i+1)m$ ;;11] , where 3 # i0< m + 1. By [6, Proposition 5.2.1],

(m) . . . m+20
we need to show hy+1 # hm' =hm + (i $ 2). Since dimk(I m) = ", $ hpm,
“mi2 : ¢! ) “mi2 . (2 )
) $ ' m+ (M$j) < dime(l m)# $'m+ (m$j).

j=0 2 i=0

So, by Theorem 4.8 and Note 4.10,

#
m+3 m+3

9 $ hm+]_ :dlmk(l m+]_) " dlmk(All m) " 9 $ hm $ (l $ 2)

and hm+1 # hy + (i $ 2), as desired. !
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7. Subset s of C.I.(2,m,m)

Recall that when n = 3 the outstanding cases for the EGH Conjecture are the “tight degrees” A =
{a1,a2,a3} where a; # ax # ag # a; + a2 $ 2. In the geometric setting, we now focus our attention on the
cases when a3 = 2 and a3 = 3, starting with complete intersections of type {2, m, m}. The following two
lemmas will be useful.

Lemma 7.1. Let T be a bnite set of distinct points in P® such that
AH(T,i)=AH(T,i+1)=1 for somei" n$ 1.
Then T cannot be contained in any complete intersection of type {2, m, n}.

Let 1 (K) := (F,G,H) where F, G, H is a regular sequence

Proof. Suppose T is contained in K & C.I1.(2,m, n).
(H) =n. By [1, Corollary 3.4], there exists a subset U! T

of forms and deg(F) = 2 # deg(G) = m # deg
such that
AHU)=1 11 &a 1 AH(T,i+2) a4,

where there are i + 2 one’s. By Macaulay’s Theorem, 0 # AH (T,i + 2) # 1. We see that the subset U
consists of p" i + 2 points on a P! and I (U) = (L1,L2,N), where deg(L1) = deg(L,) = 1 and deg(N) = p.

Note that AH (U) has maximal growth in degrees 1,...,i. Thus we can find a minimal generating set for
[ (U) which has no generators in degrees 2,...,i +1. Since (F,G,H) ! 1(U)andi" n$ 1, we must therefore
have that (F,G,H)! (Li,L2). But (L1,L2) has height 2 and (F, G,H ) has height 3, a contradiction. !

Lemma 7.2. Fix positive integers2# m # n. Let T be a bnite set of distinct points such that AH (T,i)=s
fori=s,...,I,wheres” 2and|" max{s+1,n}. Then T cannot be contained in any complete intersection

of type {2, m,n}.

Proof. Suppose T! K & C.I.(2,m,n). Now AH (T) has maximal growth in degrees s,...,| $ 1, and thus
we can find a generating set of | (T) with generators only in degrees # s and in degrees " |+ 1. Consider
M := (I(T)ss). By Gotzmann’s Persistence Theorem [18], M defines the ideal of a curve and so has height
2. But M has a regular sequence of length 3, a contradiction. !

For what follows, the reader may wish to recall Theorem 4.1 and Definition 4.2. Furrther, when using
Definition-Proposition 2.16 we let d; = 2 and dy = d3 = m.

Lemma 7.3. Suppose that X | Y & C.1.(2,m,m) are Pnite sets of distinct points. Let AH(X) := AH =
{h}t 0. Then hy # LY,

Proof. As in Lemma 6.1, we can assume 0 < hmi 1 < AHc2mm)(M$ 1) =2m$ 1. By [6, Proposition

5.4.1], we need to show hp, # hﬁm!ll) =hm 1% 1.

Case 1: Assume first that hyy 1 # m$ 1. Since AH is an O-sequence, hyy # h5"} Y = hpmy 1. Thus we
need only rule out the situation where hy, = hyy 1. From this point on we assume hyy 1 = hy and argue
by contradiction. By Lemma 7.1, we can assume hpy 1 = hy " 2.

Since hmi 1 # M $ 1, we have by [1, Theorem 3.6] that there exists some subset X#*1 X such that
AH (X®i) = hmy 1 for hyy 1 # i # m and AH (X¥i) = AH (X,i) for i " m + 1. However, this contradicts
Lemma 7.2 because X*! X1 Y & C.I.(2,m,m).

Case 2: Suppose now that m # hyy 1 # 2m $ 2. We assume that hy, = hmy 1 + i, where i " 0. By
Theorem 4.1, AH (Y \ X) = AH® where AH*(M$ 1) =2m3$ 1$ hyy 1$ i and AH°(M)=2m$ 1$ hm 1.

Since 2m$ 1$i$ hpy1# m$ 1, we have 2Zm$ 1$ hpyy 1$i1)™ > =2m$ 1$ hyy 1 $ i. But if
i" 1,then2m$ 13 hpy 1> 2m3$ 1% hyy 13 i contradicting the fact that AHC is an O-sequence. Thus
we are reduced to considering the situation when i = 0. When i = 0 the same argument as used in Case 1
but applied to AH® completes the proof. !
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Lemma 7.4. Suppose that X ! Y & C.1.(2,m,m) are Pnite sets of distinct points. Let AH(X) := AH =
{h}to. Then hywr # KV for m# t< 2m$ 2.

Proof. As in Lemma 6.1, we can assume that 0 < hy < AHcj (2,m,m)(t). By [6, Proposition 5.4.1], if

he # 2m$ t$ 1 then hgt) =hy $ 1, otherwise hgt) =h $ 2.

Now AH (Y\ X) = AH® where AH®(2m$ t$ 2) = 4m$ 2t$ 3$ hys 1 and AHC(2m$ t$ 1) = 4m$ 2t$ 1 hy.
Observe that since m# t < 2m $ 2, we must have 0 < 2m$ t$ 2 # m $ 2, and thus AHC satisfies the
hypotheses of Lemma 6.1. Further, we can assume 1 # AH°(2m$ t$ 2) < AHc, omm(@2m$ t$ 2).
Case 1: Assume hir1 > 2m$ t$ 2. Then AH2m$t$ 2) < 2m$ t$ 1. By [6, Proposition 5.2.1] and
Lemma 6.1, AH°2m $ t$ 1) # AH°(2m $ t $ 2) and hence hi+1 # ht $ 2 < ht $ 1. We conclude that
hes1 # hY.

Case 2: Assume hirq1 # 2m$ t$ 2. Then AHS2m$t$ 2)" 2m$ t$ 1. By [6, Proposition 5.2.1] and
Lemma 6.1, AH°2m$ t$ 1) # AH°2m$ t$ 2)+ 1, and so her 1 # he $ 1.

Ifthy # 2m$t$ 1 thenhir 1 # S 1 = hft) and we are done. So assume hy " 2m$t. By above, hy+ 1 # hi$ 1.
Suppose that hy+ 1 =hy $ 1. Then AHS(2m$ t$ 1) > AHC2m$ t$ 2) = (AHS(2m$ t$ 2))<2m V' 2> 4
contradiction. Thus, hy # hy $ 2 = hﬁt). !

8. Subset s of C.I.(3,m,m) and C.1.(3,m,m+1)

In this section we study Conjecture 3.6 and complete intersections of type {3, m,m} and {3, m, m + 1}.
We separate the considerations of {3, m, m} and {3, m, m 4 1} into two sections.

We will again use the notation H® to denote the {3, m, n}-complementary Hilbert function (see Theorem 4.1
and Definition 4.2).

8.1. Subsets of C.I.(3,m,m): The Degrees m$ 1 and m.

We first consider complete intersections of type {3, m,m} with a focus on degrees m$ 1 and m. The
remaining degrees will be considered later. When using Definition-Proposition 2.16, we let d; = 3 and
d2 = d3 =m.

Lemma 8.1. Suppose that X | Y & C.1.(3,m,m) are Pnite sets of distinct points. Let AH(X) := AH =
{h}t 0. Then hy # LY,

Proof. As in Lemma 6.1, we can assume 0 < hymi 1 < AHg j(gmm)(M$ 1) =3m$ 3.

Case 1: Suppose hmi 1 # 2m$ 2=2(m$ 1). We are claiming that hy, # hEnm!!ll) =hmi 1% 1. Suppose, on

the contrary, hm =hni 1$ 1+ wherei " 1.

By [17, Theorem 2.5], there exists a subset W ! X! Y such that
+

, hy, forj # m$ 2;
hmi 1, fOl“j =m$ 1;

AH(W'J):, Ami 1, forj =m;
"0, forj " m+1.
We can assume that no point of Y lies on the hyperplane xo = 0. Let | | K[X1,X2,X3] be the image of

[ (W) obtained by moding out by Xo. Then | contains a regular sequence F,G,H & k[x1,X2,X3], where
deg(F) =3# deg(G) =m = deg(H ), and H (K[x1, X2, X3]/ 1) = AH (W).
Case la: Assume hyyi 1 # m$ 1. Then h:qunll > = hmi 1, and so AH (W) has maximal growth in degree

(m$ 1). Therefore, | (W) has no generator of degree m and I (Y) ! (I(W)gm: 1) implying that | contains 3
forms in degrees # m $ 1 which are a regular sequence. Let V be the scheme defined by J := (Igm1 1)-
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Now AH (W) has maximal growth in degree m$ 1 and the (m$ 1)-binomial expansion of AH (W, m$ 1)
is "

# " # " #
h . m$1 N m$ 2 s m$ hy 1
1T m$1 T ms2 m$ hmi o
By Gotzmann’s Persistence Theorem [18], the Hilbert polynomial of K[X1, X2, X3]/ J is
" " # " #
P)= ' o+ B s TS Imn
0 0 0

We see that J defines a scheme of dimension 0 in P?. Thus, the length of the maximal regular sequence
contained in | using elements of degree # m $ 1 is exactly 2, a contradiction.
Case 1b: We now assume m # hpyy 1 # 2(m$ 1). Then the (m $ 1)-binomial expansion of hm 1 is

h m #+ m$2#+ m$3#+ééé+ m$(hm!1$m)$l#
™17 ms 1 m$ 2 ms$ 3 m$ (hm 1$m)$ 1

Thus hs ™ Y =hm 1 + 1.

Now, by assumption, AH(W,m $ 1) = hyn 1 = AH (W, m). Thus, AH (W) has maximal growth off by
one in degree (M $ 1). Thus | (W) has at most one generator of degree m. In [6, Lemma 5.4.9], it is shown
that | (W), and hence | , has exactly one generator in degree m. By Proposition 4.5, we know that | contains
a regular sequence of forms F,G where 3 = deg(F) # d := deg(G) # m$ 1. By Lemma 4.6, there exist
linear forms L1, Ly & K[X1,X2,X3] such that FLT" 3, GLD" ¢ & k[x1, X2, X3] are again a regular sequence of
forms.

Consider N := (Igm1 1) ! A := K[Xz,X2,X3]. Then, since | has exactly one generator of degree m,
H(A/N,m$ 1) = hmi 1 and H(A/N,m) = hyy 1 + 1, which is maximal growth in degree (m$ 1). By [1,
Proposition 2.7], both Ny 1 and Ny, have a GCD of positive degree, a contradiction since F le! 3 GLzm! d&
Nm is a regular sequence.

Case 2: Now suppose that 2m$ 1 # hpni 1 < 3m$ 3. We are claiming that hy, # him!ll) = hm1 1. Suppose
that hm = hmi 1 +1 where i " 1. We work with AH® = AH (Y \ X) to arrive at a contradiction. By
Theorem 4.1, AHC® is an O-sequence, AH°(M)=3m$ 2% hyy 1 $ i, and AH*(M+1)=3m$ 3% hm 1.

We have 3m$ 23 hyy 181 # m$ 1$i<m. Thus Bm$ 28 hyy 1$1)°™ =3mP 2% hyy 1$ 0. We
see that if i > 1, then 3m$ 3% hypi 1> 3m3$ 2% hyy 1 $ i which implies that AHC is not an O-sequence.
So from this point on we may as well assume i = 1. The argument is now completed as in Case la but with
replacing AH with AH® and using degrees # m when defining the ideal J (i.e. AH® has maximal growth in
degree m). !

Lemma 8.2. Suppose that X I Y & C.1.(3,m,m) are Pnite sets of distinct points. Let AH(X) := AH =
{he}e 0. Then hpuq # WGV,

Proof. As in past cases, we can assume 0 < hyy < AHc | (3,m,m)(mM). By [6, Proposition 5.4.1], if hy, # m$ 1,
then h{™ = hym $ 1; and if m# hy # 3m$ 3, then hY" = hp $ 2.

Now, by Theorem 4.1, Y\ X has first difference Hilbert function AH® and hence AH€® is an O-sequence.
In addition, AH*(M$ 1) = 3m$ 3% hm+1 and AH°(m) =3m$ 2$ hy. We show that we can apply
Lemma 8.1 to AH®. We may assume 1 # AH*(M$ 1) < 3m$ 3 = AHc (3 mm(Mm$ 1).

Case 1: Assume 3m$ 3$ hp+1 " 2m $ 1. By [6, Proposition 5.4.1] and Lemma 8.1, 3m $ 2$ hy, #
3m$ 3% hm+1)(m! D=3m$%$ 3% hms1, and so hms+1 # hm $ 1. Thus we are done if hyy # m$ 1.

Ifm# hy # 3m$ 3, then we need only rule out the case where hp+1 = hy $ 1. Assuming we are in
this case, we see that hm+1 = hn $1" m$ 1. But, by assumption, 3m$ 3% hp+1 " 2m$ 1, and so
hm+1# m$ 2, a contradiction.
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Case 2: Now suppose that 1# 3m$ 3$ hn+1# 2m$ 2. Then, by [6, Proposition 5.4.1] and Lemma 8.1,
3m$ 2% hn # 3m$ 3% hm+1)(m! D=3m$%$4% hnsq and sohms1# hm $ 2< hym $ 1, as desired. !

8.2. Subsets of C.I.(3,m,m+1): The Degrees m and m + 1.

We now consider the Eisenbud-Green-Harris Points Conjecture for complete intersections of the type
{3,m,m + 1}, focusing on the degrees m and m + 1. The remaining degrees will be dealt with in the
next section when working in a more general setting. Note that in this section when using Definition-
Proposition 2.16, we let d; = 3,d, = m, and d3 = m + 1.

Lemma 8.3. Suppose that X! Y & C.1.(3,m,m+ 1) are bnite sets of distinct points. Let AH (X) := AH =
{Ni}e 0. Then hypy 1 # M.

Proof. As in Lemma 6.1, we can assume that 1 # hpm < AHc | (3m m+1 (M) =3m$ 1. By [6, Proposition
54.1), h§M =hy $ 1.

Case 1: Assume hyp # m. Then, since AH is an O-sequence, hpm+1 # hy™ = hy. If hype1 = hy, then
AH has maximal growth in degree m and so | (X) has no generator of degree (m + 1). The argument is
completed as in Case la of Lemma 8.1 using degrees # m when defining the ideal J.

Case 2: We now assume m+ 1 # hy # 3m$ 2. In this case we work with AH®. Let W := Y\ X. By
Theorem 4.1 AH (W) = AH€, and hence AH€ is an O-sequence. Further, AH°(m) =3m$ 1$ hy+q1 and
AH*(m+1)=3m$ 1$ hy.

We can assume, without loss of generality, that no point of Y lies on the hyperplane Xo = 0. Let I ! R/ (Xo)
be the canonical image of | (W).

Case 2a: Suppose 3m$ 13 hy+1 # m. Then, by Macaulay’s Theorem, 3m$ 1$ hy, # 3m$ 1$ hp+ 1 and
so hm+1 # hm.

Assume hyp+1 = hpm. Then AH°(M) =3m$ 1$ hy, = AH®(m + 1) and AH® has maximal growth in
degree m. So |(W) has no generator of degree m + 1. Now let J := (I g m) and repeat the argument from
Case la of Lemma 8.1 using AH® to arrive at a contradiction.

Case 2b: Finally, we suppose AH®(m) =3m$ 1$ hm+1 " m+1. Suppose, on the contrary, that hm+1 " hm,
say hm+1 = hm +i wherei " 01is an integer. Thus AH®(m) =3m$ 1$hyp$i and AH°(M+1) =3m$ 1$ hpy,.

Sincem+1# hy # 3m$ 2, we have m+1# AH®(m)# 2m$ 2$ i. We conclude that the m-binomial
expansion of AH®(m) is

" 1# " $ # " #
sme18ishy = "+ MO Lam T
m m$ 1 r
. | $% | . . .
with 2m$ 28 i $ hy terms of the form | . Thus 3m$ 1$i1$ hy)"™> =3m$ i $ hy. Since AHC is an
O-sequence, 3m3$ 13 hy # 3m$ i $ hy. Clearly if i " 2 we have a contradiction.

Let i = 1. Then AHC® has maximal growth in degree m, and hence | (W) has no generator of degree m+1.
Thus, | contains 3 forms in degrees # m which are a regular sequence. By Lemma 4.6, | , has 3 forms which
are a regular sequence. But, since AH®(m)" m + 1, [1, Proposition 2.7] implies that I m and I m+1 have a
GCD of positive degree, a contradiction.

Let i = 0. Then we argue as in Case 1b of Lemma 8.1 but with AH® and J := (Igm) to arrive at a
contradiction. !

Lemma 8.4. Supposethat X! Y & C.I1.(3,m,m+1) are bnite sets of distinct points. Let AH (X) := AH =
{h}t 0. Then hyeo # h{M5D,
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Proof. As argued in Lemma 6.1, we can assume 1 # hns1 < AHc i (3m,m+1) (M +1). By [6, Proposition

54.1)if hpv g # Mm$ 1 then h("" Y =hpe1$ 1, and if M # hyay # 3m$ 2 then K™Y =hpy 1 $ 2. We

consider two cases, in each of which we work with AH® = AH (Y \ X).
By Theorem 4.1, AH® must be an O-sequence, AH°(m$ 1) = 3m$ 3% hy+ 2 and AH (M) = 3m$ 1$ hy+ 1.
We can assume 1# AH°(M$ 1) < AHc | 3mm+y(M$ 1) =3m$ 3.
Case 1: First suppose that AH*(m$ 1) =3m$ 3% hp+o # 2m $ 2. Then, by [6, Proposition 5.2.1] and
Lemma 6.2,
AHS(M)=3m$ 1% hpsr # (AHSM$ 1)M™ D =3m$ 3% hyeo.

As a consequence we see that 2 # hpne1 $ 2 # hfnm:ll).

Case 2: We now suppose that 2m$ 1# AH°(M$ 1) =3m$ 3% hyp+2 # 3m$ 4. Applying [6, Proposition
5.2.1] and Lemma 6.2, we conclude that

AHCM) =3m$ 1$ hps1 # (AHSM$ 1)™ D =3m$ 23 hpso.

Therefore, hm+2 # hm+1$ 1.
Ifhm+1# m$ 1, then hpso # hp+1$ 1= hfnm:ll). SoassumemM# hpm+1 # 3Mm$ 2and hpso = hm+1$ 1.
But then 2m$ 1# AH°(M$ 1) =3m $ 2$ hp+ 1 which implies that hpm+1 # m$ 1, a contradiction. !

8.3. Subsets of C.1.(3,m,n): The Tail-End Degrees.

We now verify the bounds from Conjecture 3.6 for higher degrees and complete intersections of type
{3,m,n}. As before, when using Definition-Proposition 2.16, we let d; = 3,d> = m and d3 = n.

Lemma 8.5. Suppose X ! Y & C.1.(3,m, n) are Pnite sets of distinct points. Let AH (X) := AH = {h{} o.
Then hyoy # h{) forn+1# t# m+n$ 2.

Proof. As argued in Lemma 6.1, we can assume 1 # hy < AHc | (3m n)(t). We show that we can apply
Lemma 6.1 to AH® = AH (Y \ X) to obtain the desired inequality.

Now AHC¢ is an O-sequence, AH (M +n$ t$ 1) =3m+3n$ 3t$ 3% hiy1 and AHS (M +n$ t) =
3m+3n$ 3t3$ hy. Note that sincen+1# t# m+n$ 2, wehave 1# m+n$tS 1# m$ 2. We may as
well assume that 1# AH°(M+n$t$ 1)< AHc gmn(M+Nn$t$1)=3m+3n$ 3t$ 3.

Case 1: Suppose first that 1# hiv1# m+n3$ t$ 2. Then

2M+n$tS 1) +1#3M+3n$ 3t 38 hvr <3(M+n$ts 1)
So, by [6, Proposition 5.2.1] and Lemma 6.1, AH*(mM+n$ t)# AH°(M+n$t$ 1)+2. Thus his+1 # he$ 1.
By [6, Proposition 5.4.1],if 1# h # m+n$ t$ 1, then hgt) =h¢$ 1 and we are done. We consider two
possible cases.

Case la: Assume that m+n$t# hi # 2m+2n$ 2t $ 1. By [6, Proposition 5.4.1], hgt) =h¢ $ 2. Since
hi+1 # he$ 1, we need only consider the situation where hi+1 =hy $ 1. Assume hi+3 = ht $ 1. Then

m+n$t$1# AH*M+n$t$1)=3m+3n$3t$2$h#2m+n$t$ 1)

Thus the (m 4+ n$ t$ 1)-binomial expansion of 3m +3n$ 3t $ h; $ 2 can take one of two forms: if
IM+3n$ 3t hi$2EM+n$t$ 1, then

# " # " #
m+n$t m+n$t$ 2 e T
3ImM+3n$ 3t h$ 2= aaé \
Tang ats t$0/ m4n$ts1 T mingtse oo
0
with 2m+2n$ 2t$ h; $ 2terms$| andso (3M+3n$ 3t$ hy$ 2)<m Mt > —3m43n$ 3t$ h$ 1;if
3M+3n$ 3t$ hi$ 2 =m+n$t$ 1, then (3M+3n$ 3t$ h$2)<m M U 1> = 3m4+3n$ 3t$hi$ 2 =m+n$t$ 1.
For either of the expansions, AHS (M +n$t)> BmM+3n$ 3t$ hy $ 2)<M™" " " > and so AHC is not
an O-sequence, a contradiction. Therefore, hi+1 # hy $ 2.
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Case 1b: Now assume that 2m +2n$ 2t # hy < 3m 4 3n$ 3t = AHc | (3m,n)(t). By [6, Proposition

5.4.1], hﬁt) =h¢$ 3. Since ht+1 # ht $ 1, we need only consider the situations where hi+3 = hy $ 1 and
hiv1=ht $ 2.

Ifhis1 =h$1orhy$2then AHE(M4+n$t$ 1) # M+n$t$ 1, andso (AHS(MN$t$ 1))sm*nt v 1> —
AH*M+n$ t$ 1). But AH* (M +n$t)> AH’(M+n$ t$ 1), a contradiction to the fact that AH® is
an O-sequence.

Case 2: Now suppose m+n$t$S 1# hio1 # 2m+2n$ 2t $ 3. Then

m+n$t# AHM+n$t$1)=3m+3n$3t$3$h1#2m+n$t$1).

By [6, Proposition 5.2.1] and Lemma 6.1, AH (M +n$ t) # AH°(M+n$ t$ 1)+ 1. As a consequence we
see that hys1 # hy $ 2. By [6, Proposition 5.4.1], if hy # 2m +2n'$ 2t $ 1, then h") = h; $ 2 and we are
done.

So assume that 2m+-2n$ 2t # hy < 3m+3n$ 3t = AHc i (3m.n)(t). By [6, Proposition 5.4.1], hﬁt) =h$ 3.
Since his 1 # hy $ 2, we need only rule out the case where hi+1 = hy $ 2. In this case the same argument
used as in Case 1b gives a contradiction.

Case 3: If hyx1 " 2m +2n$ 2t $ 2, then [6, Proposition 5.4.1] says that hgt) = hy $ 3. In this case we
have AH(M+n$t$ 1)# m+n$ t$ 1. By [6, Proposition 5.2.1] and Lemma 6.1, AH(m+n$ t) #
AH®(m+n$ t$ 1) and hence hi+1 # hy $ 3 as claimed. !

9. Concl usion

Our main result is the following “Macaulay-type” characterization of the first difference Hilbert functions
of subsets of a family of complete intersections in P3. It provides a proof of the Eisenbud-Green-Harris Points
Conjecture in special cases. Here we let d; =1,d, = m, and d3 = n in using Definition-Proposition 2.16.

Theorem 9.1. Let AH := {h;}~ o be the brst di! erence Hilbert function for some bnite set of distinct
points in P3 such that AH # AHc 1. 1,mn)- The statement “there exist Pnite sets of distinct points X! Y &

C.1.(I,m,n) such that AH (X) = AH if and only if hys 1 # h{" for all t" 10holds in the following cases:
(a) 2=1# m# n;
(b) 3=1# m# n;
c)d4# 1#m#nandn” 1+m$ 1.

Proof. Using the results of Caviglia-Maclagan [3], the cases remaining to consider are: {2, m,m},{3, m,m}
and {3, m, m + 1}. From this point on we assume that {I, m, n} is one of these cases.
By [17, Lemma 2.3}, if X I 'Y & C.I(I,m,n) with AH (X) = AH, then AH # AHc | (1,m n)-

Suppose that hesq # hﬁt) forallt" 1. By Theorem 3.4 there exists a subset X of Rect.C.I.(I, m, n) such
that AH (X) = AH.

Conversely, suppose X | 'Y & C.I.(I,m, n) such that AH (X) = AH. The assertion is obviously true if the
subset X is of cardinality 1, 2, or Imn. Using the symmetry of Theorem 4.1, the assertion is also obviously
true if X is of cardinality Imn$ 1 or Imn $ 2. Thus we can assume that the cardinality of X is strictly
between 2 and Imn $ 2.

The inequality hi+q # hft) is clearly satisfied if hy+ 1 = 0. Since we have at least 3 points in our subset
X, in order for AH® = AH (Y \ X) to be an O-sequence, Theorem 4.1 guarantees that AH(s) = 0 for

s" |+m+n$ 3. Thus we need only verify his 1 # hﬁt) fort# | +m+n3$ 5. All of these cases are verified
in the lemmas from Sections 6, 7, and 8. !

Remark 9.2. The cases of Theorem 9.1 proven by Caviglia-Maclagan [3] were also proven independently
in [6]. We omitted the details here due to length.
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