THE ESSENTIAL NORM OF A COMPOSITION
OPERATOR ON A PLANAR DOMAIN
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ABSTRACT. We generalize to finitely connected planar domains
the result of Joel Shapiro which gives a formula for the essential
norm of a composition operator. In the process, we define and
give some properties of a generalization of the Nevanlinna counting
function and prove generalizations of the Littlewood inequality, the
Littlewood—Paley identity, and change of variable formulas, as well.

1. INTRODUCTION

Let ©2 be a domain in the plane. For 1 < p < oo, the Hardy space
H? = HP(Q) is defined to be those analytic functions f on 2 for which the
subharmonic function |f(z)[? has a harmonic majorant. Once we specify a
base point ty € Q, we define the norm of f to be p” root of the value at to of
the (unique) least harmonic majorant of |f|P. A different choice of the base
point gives an equivalent norm on HP; this is an application of Harnack’s
inequality. The Hardy space H® is the space of bounded analytic functions
on 2 with the supremum norm. For more on the Hardy spaces, see [6], [1].

An analytic function ¢ that maps  into itself determines a composition
operator C, on H? given by

(1) Cof = fop.
C, is a bounded operator on HP. One simple way to see this is to note

that if u is the least harmonic majorant of | f|P, then uy o ¢ is an harmonic
majorant of |f o [P and so

1f o ll” < uplplto)) < Kuy(to)

where K is a constant that, again by Harnack’s inequality, depends only on
the domain €2, and the points ¢y and ¢(tp).

In this paper we are concerned with H? on a domain {2 that is finitely-
connected; that is, has only a finite number of complementary components.
In this setting, it is known [2] that C,, is compact on some H?,1 < p < oo, if
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and only if it is compact on all HP. We therefore concentrate on Cy, acting
on H?. The main result of this paper is an extension of the theorem of Joel
Shapiro [7] on the essential norm — distance to the set of compact operators
— of the composition operator C,, that he proved when (2 is the unit disk.
To understand the statement of Shapiro’s theorem we must first define the
Nevanlinna counting function of .

Definition 1.1. Let A be the open unit disk and suppose that ¢ is an ana-
lytic function mapping A into itself. The Nevanlinna counting function for

@ is, for w # ¢ (0),
(2) Ny(w)= > —loglz|.
p(z)=w

With this background, we can state Joel Shapiro’s result.

Theorem 1.2. Suppose that ¢ is an analytic function that maps A into A
with p(0) = 0. Let ||Cyl|, denote the essential norm of C, as an operator
on H?. Then

_ N, (w)
|IC Hg = limsup [@7] .
e s L~ log fw

In particular, Cy, is compact on H? if and only if

m e _ g
lw|—1— — log |w]

The development of this paper follows the arguments of Shapiro in [7]
closely, altering several parts as necessary to allow for the change in setting.

2. BACKGROUND

Let D be a domain in the plane whose universal covering surface is the
open unit disc A and let I be the covering map. The Poincaré metric for
D is defined at ( =1I(z) € D by

Ap(€) = I (2)I(1 — [2).

It is shown in [3, p. 44] that the value of Ap(¢) is independent of the
particular choice of z € A with II(z) = (.

If D is regular for the Dirichlet problem, we denote the Green’s function
for D with pole at p € D by gp(z;p). The domain D is omitted unless
confusion is possible.

In this paper we shall generally be concerned with a planar domain 2
whose complement consists of a finite number of disjoint non-trivial con-
tinua. Such a domain is conformally equivalent to one whose boundary
consists of a finite number of disjoint analytic simple closed curves; indeed,
it is conformally equivalent to a domain whose boundary components are
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circles. Since the conformal mapping gives an isometry of the correspond-
ing Hardy spaces, we may assume, and shall do so, that the components
Io,...,I', of I' are circles, with I'g the boundary of the unbounded compo-
nent of the complement of 2. We let wy, denote the harmonic measure on I
for the (fixed) base point #o. It is standard [2] that each H? function f on
) has boundary values almost everywhere on I', that these boundary values
lie in L2(T',wy, ), and that the correspondence of f to its boundary values is
an isometry of H? onto a closed subspace of L*(I',wy,). We let € be the
region outside I';, j = 1, ..., p, including the point at co and €1y be the region
inside I'g. Each of the regions (2; is conformally equivalent to the unit disk
A via a linear fractional transformation. When we write H?(€2;) for the
Hardy space for this region, we shall always assume that the norm is taken
with respect to the base point %.

2.1. Factorization of H? functions. There is a factorization of functions
in HP(QY), developed in [8], that parallels that for H? functions on the unit
disc. Here we give a summary; additional details may be found in [1, Section
4.7].

Let G be the group of linear fractional transformations of A onto itself that
leave the covering map II invariant: Ilo7 = II,7 € G. An analytic function
h on A is modulus automorphic if for each 7 € G there is a unimodular
constant ¢ = ¢(7) such that ho7 = ch. Each modulus automorphic function
h corresponds to a function f on Q by h(z) = f(II(2)),z € A. The modulus
of f is single-valued, but f itself has unimodular periods in the sense that
analytic continuation of a function element (f,O) along any curve ~ in
leads to the function element (cf,O), where ¢ is a unimodular constant
that depends only on the homotopy class of . The class of such multiple-
valued analytic functions with single-valued modulus whose pt* power has
a harmonic majorant will be denoted by M HP ().

A Blaschke product B is an element of M H>(Q) with
log |B(2)] = =) ga(ziwe), Y galwpito) < oo,
k

k

If there are only a finite number of zeros, then the second condition is
automatically satisfied.

A singular inner function S is an element of M H* with

log |S(z)| = —/FP(S;z)dy(s)

where v is a non-negative Borel measure on I' that is singular with respect
to harmonic measure wy, and P(-; 2) is the Poisson kernel for z € .

An outer function in M HP is an element F' of M H? of the form

log |F(z)| = /Fu(s)P(s;z)dwtO (s)
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where u € LY(T',w;,) and e* € LP(T',wy,).
The basic theorem on factorization is this.
Theorem 2.1. Fach function f € M HP(S) has a factorization as
f=BSF

where B is a Blaschke product, S is a singular inner function, and F is an
outer function in M HP(Q). The factors are unique up to multiplication by
unimodular constant. Fven if [ is single-valued, the factors need not be.

2.2. The Nevanlinna counting function. Our first goal is to generalize
the Nevanlinna counting function to the domain 2 and understand some of
its properties.

Definition 2.2. Let ¢ : Q@ — Q be an analytic function. The Nevanlinna
counting function for ¢, Ny(w) for w e Q\ {p(to)}, is

No(w) = > galzt).

o(z)=w

Note that this reduces to the counting function defined previously if €2 is
the unit disk A and ¢5 = 0.

For the Nevanlinna counting function on the unit disk, there is the clas-
sical theorem of Littlewood [4]:

Theorem 2.3. Let 1 be a holomorphic self-map of the unit disk . Then
1— (0w
©(0) —

with equality holding for quasi—every w (i.e., all w except those in a set of
capacity zero) exactly when 1 is inner.

If (0) = 0, then (3) reduces to
Ny(w) < —log [w]

3) Ny (w) < log , we A\{Y(0)}

which is an improvement of the Schwarz inequality.

For counting functions on €2, we have the following generalization of Lit-
tlewood’s inequality:

Theorem 2.4. Let ¢ : Q2 — Q be analytic and fix the point ty. Then
Ny (w) = Z g(z;to) < glw;to) for all w e Q\{to},
e(z)=w

with equality holding (for quasi—every w) exactly when o(I') C T', by which
we will mean that the boundary values of ¢ on I lie in " almost everywhere
(with respect to wy, ).
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Proof: Let g(z;w) be the Green’s function for 2 with pole at w. The function
9(p(2);w) is harmonic on §2 except at the collection of isolated points where
©(z) = w; at such a point g(p(z);w) has a logarithmic pole. Let *g(p(2); w)
be the (multiple-valued) harmonic conjugate of g(¢(2); w) on Q\{p(z) = w}
and set

Qu(z) = e 9P =Tg(p(2)w)

Q. lies in M H*; indeed, its modulus is bounded by one. Using Theorem
2.1, we factor @, in H2(Q) as Qu(2) = By(2)Sw(2)Fy(2) where the factors
are a Blaschke product, a singular inner function, and an outer function,
respectively. We then get

—log[Qu(to)] = gle(to);w)
= g(to;w)
= —log|By(to)| — log|Sw(to)| — log |Fy(to)! -

The function @, (z) has zeros exactly where ¢ (z) = w, so we have

—log|Bu(to)l = Y g(to;2) = Ny(w).
p(z)=w

Thus we see that

g(w;to) = Ny(w) —log |Sw(to)| — log [Fu(to)],

g(w;to) > N¢(w).

We have equality when both log|Sy,(to)| and log |F,(to)| are zero, which
happens when both S, and F,, are unimodular constants. If p(I') C T, then
we will have |Q,| = 1 almost everywhere on I' and thus F,, = 1. By the
extension of Frostman’s theorem which is proved below, Theorem 2.6, since
@y is a Blaschke product composed with ¢, it has trivial singular factor for
quasi—every w in Q. O

The well-known theorem of Frostman, for functions on the unit disk, can
be stated

Theorem 2.5. Let 1) be an inner function on A. Then for |lw| < 1, the
function

P(z) —w
4 — 5 7
(4) w(e) = o
is a Blaschke product except possibly for a set of w in A of logarithmic
capacity zero.

For our generalization, we will prove the following theorem and associated
lemma, which are suggested in [1, Ch. 5, Exercise 2,3]
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Theorem 2.6. Let ¢ be an analytic function on Q with ¢ (') C T, and
By(z) = exp {—g(z;w) —i*g(z;w)} be the Blaschke product on Q with zero
at w. Then the function

Qu(2) = Bu(p(2))

is a Blaschke product (on ), except possibly for a set of w in Q0 of logarith-
mic capacity zero.

Proof: For II the universal covering map from A onto 2 (with II(0) = ¢),
we have the pull-back map ¥ : A — A which satisfies p o Il =1l o). It is
easy to see that if ¢ (I') C I', then 1) must be inner. Define

E=<weA: w(z)_i—w has a nontrivial singular factor p .
1 —wy(2)

By Theorem 2.5 above, F has logarithmic capacity zero, thus so does II(E)
(in ©). We write
Quoll = Byopoll
By ollo.
By Lemma 2.7, below, B, oIl is a Blaschke product on A, with zeros at
those points z with II(z) = w. The function By, o Il o %) is thus a (constant
times a) product of terms of the form (4). If w is not in II(F), then each
of these terms is a Blaschke product. Thus By, olloy = B,opollis a

Blaschke product, and, again by Lemma 2.7, By, o ¢ = @, is a Blaschke
product on €. O

Lemma 2.7. The analytic function B on ) is a Blaschke product if and
only if B oll is a Blaschke product on A.

Proof: If B is a Blaschke product on €2, we can write

B(z) = e~ L9(2) =" (X 9(2%))
for some sequence {z;} with the property that > 7° g(¢;z;) < oo for each
¢ € Q). Bollis easily seen to be an inner function on A, so we can write
(5) Boll =S,

where b is a Blaschke product on A and S is a singular inner function. The
Blaschke product b has a zero at any z with II(z) = z; for some j. We now
see that

—log|Boll(0)] = —log|B(to)|

= Zg(to;zg')

— —log|b(0).
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The third line above comes from the fact [5, VIL5] that we can write the
Green’s function for 2 in terms of Green’s functions on the unit disk,

g(w;to) Z log

But (5) gives us —log|BoII(0)| = —log]b( )| — log|S(0)], so |S(0)] = 1,
and thus S =1, i.e., BolIl = b is a Blaschke product in A.

Now assume B oIl is a Blaschke product on A. It is easy to see that B
must be an inner function on €2, so it has the factorization in H>(€2),

B =55

where b is a Blaschke product on {2 and §' is a singular inner function on 2
(i.e., S has boundary values of modulus 1 a.e., and has no zeros on 2). We
then have

Boll = (boIl)(Soll),

and we can easily see that S oIl is a function on A which has no zeros and
has boundary values of 1 a.e., so S oIl is a singular inner function. But
B o1l is a Blaschke product, so has only trivial singular inner factor, i.e.,
S oIl is trivial, so S must be trivial, and B must be a Blaschke product. (I

2.3. The sub—mean—value property. We will need the following prop-
erty for the counting function on €

Theorem 2.8. Let h be an analytic function on a domain U. Suppose that
D is an open disk in U\h™'(to) with center at a and that h(D) C Q. Then

1
(6) No(h(@) < 57 [ No(h(w))dA(w)

where Ny, is the counting function for () and A is area measure.

Proof: This sub—mean—value property follows from the version proved in [7],
since we can express our counting function on €2 as a counting function on
the unit disk:

p(w) = Z 9(z;to).

o(z)=w
As we did earlier, we write the Green’s function of {2 in terms of the Green’s
function on A to get

Np(w) = > g(zto)

e(z)=w

- Ty

p(z)=wll(a
= Z log ﬁ
poll(a)=w “
— szoH (’LU) )
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for I the universal covering map of the unit disk onto €2 which maps 0 to
to. In this last line, Noom (w) is the counting function on the unit disk. It
is shown in [7] that Noorr (h(w)) has the required sub-mean-value property,
so Ny, (h(w)) has the same property. O

2.4. The Littlewood—Paley identity. For functions in H2(A), we have
the Littlewood-Paley identity [7]:

Theorem 2.9. For functions f € H*(A),

1 NE 2

I91ea) = 5z [ 1] do=2 [ 17 tos(1/ DdAG:) + |0)1,
T Jr T JA

The corresponding theorem on {Q is

Theorem 2.10. For functions f € H*(Q),

2
ey = 152wty = 2 [ 17 eito)dd + 1o

where wy, 1s harmonic measure on I' for ty.

Proof: Let r be a small positive number and let Q. = Q\ {z: |z — to| < r}.
The boundary of Q, is I', = T'U{z : |z — tg| = r}. We begin with Green’s

formula:
ov ou
/FT (ua—n - va—n> ds = /QT (uAv — vAu) dA.

We take u = |f|? and v = g(-;t9). We have

-1
dwy, = g% ds and  Au=4|f'|%.
On the circle |z — tg| = r, the normal derivative of v is the radial derivative
and equals 1/r plus a bounded term. This gives a term on the left—hand side
of 2| f(to)|* as r — 0. On the other hand, v itself is logr plus a bounded
term and so the other term from the left—hand side goes to zero as r — 0.
On the right-hand side, the Laplacian of v is identically zero on €2, and v
itself is log s, 0 < s < r plus a bounded term on the circle |z —ty| = s. Thus,
the right-hand side approaches —4 [, |f'(z)|*dA as r — 0. Rearrangement
gives the conclusion. O

2.5. Change of variable formulas. We also have the change of variable
formula for the disk, see [7],

Theorem 2.11. For any positive, measurable function F on A, and ana-
lytic self-map ¥ of A,

/ F((2)) |¢/(2)|* log(L/ |2)dA(z) = / FNydA.
A A

We will need the corresponding theorem on the domain ).
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Theorem 2.12. For any positive, measurable function F' on §2, and ana-
lytic self-map ¢ of €2,

/ Flo(2) [ ()| 9(z:0)dA(z) = / F(2)Ny (:)dA(2).
Q

Q

Proof: The proof follows closely the one in [7]. Since ¢ is a local homeomor-
phism on the open set Q' formed by deleting from Q the zeros of ¢’, there
exists a countable collection {R;} of disjoint open regions in €2’ the union
of whose closures is €2, and such that ¢ is one-to-one on each R;. Let 9;
denote the inverse of the restriction of ¢ to R;, so that 1; is a one-to—one
map taking ¢ (R;) back onto R;. By the usual change of variable formula
applied on R;, with z = 9; (w):

/ F(p(2)) | ¢ (2)] gz to)dA = / F(w)g (3 (w); to) dA(uw).

R; P(R;)

Thus, if x; denotes the characteristic function of the set ¢ (R;):

/Q (F o) |¢f] gl to)dA = /Q F(w) Ejjxj<w>g<wj<w>;to> dA(w).

This is the desired formula, since the term in curly braces on the right side
of the equation above is N, (w). O
We will also need the following version of this change of variable formula.

Corollary 2.13. For each f analytic on €2,

2
I o el = = [ £ Nodd + £t

Proof: The generalized form of the Littlewood—Paley identity applied to
f oy yields:

£ oeling = = [107o9) ) gleito)dd + | (el

- % / 00| 9(z5t0)dA + | f (o (to))]?

(by the chain rule). An application of the change of variable formula, with
F=lf ]2, completes the proof. O

2.6. A basis for H%(Q).

Theorem 2.14. Let Q be bounded by p+ 1 disjoint circles, I'g, ... ,I'y, and
let ;, i = 0,1,...p be defined as at the beginning of this section. There
is an orthonormal basis of H*(Q), say ug,u1,us, ..., with this property: if
[ € H? has the expansion Y o° cxuy, then f — Zgl(pﬂ) crug has a zero at tg
of order at least m, m=1,2,3,....
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Proof: Let ¢; be the linear fractional transformation that maps 2; onto the
unit disk A, normalized so that ¢;(t9) = 0. Let uj, = gb;?; then {u;r}72, is
an orthonormal basis of H2(€);), j = 0,...p and uj; vanishes to order k at
to. Arrange the functions u;; as

U00, U105 +++5 Up0s UOL; U1y ---y Upl, U2, ---

and renumber them as vy, vi,va,.... Now let E, be the closed linear span
of {vnt1,vn42,....}, m = 0,1,2,.... Finally, let u,, be the (normalized)
projection of v,, onto the orthogonal complement in H? of E,.! We now
check that these functions have the desired properties. Evidently, by its very
construction, ug is orthogonal to vi,vs,.... We write u; = v; + h; where
h1 € Eq. Hence,

0 =< ug,v1 >=< ug,u1 > — < up,h1 >=<ug,u; >.

and so ug is orthogonal to u;. Next, ug is orthogonal to vs3, vy, .... We write
uy = v9 + hg where hy € Ey. Hence,

0 =< ug, vy >=< ug,us > — < ug, ho >=< ug, ug >
and
0=<uy,ve >=<ui,uy > — < ug,hy >=< uq,us >

so that us is orthogonal to both of ug and u;. In a similar way we can see
that the functions ug, u1, ue, ... are mutually orthogonal. Next, it is easy to
establish that the linear span of uy, ..., u, is the orthogonal complement of
E,,n=0,1,2,... and so if v € H? is orthogonal to ug,u1, ..., then

o0
v E ﬂ E,.
n=0

and thus v = 0. Finally, suppose f € H? has an orthonormal expansion
f =" crug. Those uy with & > (p + 1)m vanish at ¢y to order at least m

and hence f — Z(T)n(p +1) cruy has a zero at tg of order at least m.

Proposition 2.15. Suppose that f € H?(Q) vanishes to order n at ty. Let
IT be the universal covering map from A to Q. For ( € Q and II(z) =, let
Aq be the Poincaré metric for Q). Then

() 17O < ZE= CaQ)lIm1) 1111

n—1 3 1
(b) (I < ﬁn\‘/zﬁ (A ()2 [[f[]2/TT]|%-

Proof: Let g = f oIl so that g has a zero of order n at the origin. Then use

the standard estimates (see [7]) in the unit disk plus the fact that Aq(¢) =

I (2)| (1 = [2%) < (11| Brocn < |1T||oc-

!Thanks to Todd Young for his contribution of this idea to the proof.
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3. THE MAIN THEOREM

With the background of Section 2 in place, we are now ready to state and
prove the main result of this paper.

Theorem 3.1. Suppose that Q) is finitely connected and that ¢ is an ana-
lytic function mapping S into dtself with p(tg) = to. Let ||Cyl|, denote the
essential norm of Cy, regarded as an operator on H?(Q) . Then
N,
HCQpHg = limsup £(®) :
w—T g(w; t())
In particular, Cy, is compact on H? if and only if
Ny (w) _
w—T g(w; to)

We will prove the theorem by proving separately upper and lower bounds
for the essential norm of Cl,.

3.1. The Upper Bound. We will use the following general formula from
[7] for the essential norm of a linear operator on a Hilbert space:

Theorem 3.2. Suppose T is a bounded linear operator on a Hilbert space
H. Let {K,} be a sequence of compact self-adjoint operators on H, and
write Ry, = I — K. Suppose ||Ry| =1 for each n, and |Ryz|| — 0 for each
x € H. Then ||T||, = limy, |TR,|.

The goal now is to show that, for an analytic function ¢ : Q — € which
fixes the point %,

Ny (w)

g(w;to)

We do this by applying the Proposition 3.2 above with K,, the operator
which takes f to the sum of the first (p+ 1)n terms in its expansion relative
to the basis we have chosen for H? (2) in Theorem 2.14.

For this orthonormal basis wug,u1,us,... of H?(Q), we can write any
f€H*(Q) as f =312 ckuk, and then K, f = Z,(fz%l)n cpug. Ry =1—-K,
will then be an operator with the property that R, f = Z?):l—l—(p—f—l)n CrUk
has a zero of order at least n at tg,

The operator K, is self-adjoint and compact. Since R, = [ — K,, its
norm is 1, so that the hypotheses of the proposition are fulfilled, and

IColl, = Tim [ CoRall

") |l < limsup
’LU—)F

To estimate the right side of the above, fix a function f in the unit ball of
H? (), and a positive integer n. Then by Corollary 2.13 we get

2 /
IConf ey = = [ 1R NodA + | f(ptt0))

Since || f| g2y < 1, the same is true of Ry, f.
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Now fix » < 1. Split the integral above into two parts, Q, = II(rA)
(where II is the universal covering map of 2 which maps the origin to tp),
and the other its complement in 2, (27. Then take the supremum of both
sides of the resulting inequality over all functions f in the unit ball B of
H? (). We obtain

2 2
ICoRl? < w2 [ |(Rus) [ Nyt

T

s

+sup 2 / |(Raf)'|” NpdA + |Rof ((t0)) .
B Q¢

We now use the pointwise estimate for (R, f)’, from Proposition 2.15 part
(b). R, f has a zero of order at least n at tg, and, for w € Q,, w = 7(z) for
some z with |z| < r. Thus we have
' ! 3 3
[(Rnf) (w)] < ﬂnﬁ (Aa(€)2 [IF12I11]|%,

SO

2/ (Rof)|* NodA
™ Qr

r|n—1 3 1 ?
< (ﬁn% (a0 HfHQHHHSO> 2 [ Mo

Since the right side is (n|r\”_1)2 multiplied by terms which are bounded
(independent of n), we get

2/ [(Bof)|* NodA — 0
Vs Qr
as n — 0o.

We can also easily see that |R,f(¢(to))|* = |Rnf(to)|> = 0 for all n > 1.
As f runs through the unit ball of H? (), R, f runs through a subset of
the ball, so we can replace R, f in the remaining integral with f and only
increase the right side. We use h(w) = N, (w) /g(w;to), to obtain

lim |C,R,[* < lim supg/ |(Rnf),‘2N¢,dA

n—oo g T

< s%p%/Qg \f’(w)ﬁ%g(w;to)dz‘l

= Supz/ | /()] h(w)g(w; to)dA
B T Jqe

<

sup{h(w) : we O5psup > [ |7/(w) glwsto)aa
B T JQ
< sup{h(w) : w € Q},

where the last line follows from the generalized version of the Littlewood—
Paley identity, Theorem 2.10. As r — 1, w € €)f means that w is the image
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under IT of only those z with |z| > r, so w — I', thus

sup{h(w) : w € QL} — limsup h(w),

w—T"

giving us (7).

3.2. The Lower Bound. We now wish to complete the proof of Theorem
3.1 by showing

_ N, (w)
8 CL||? > limsu £ .
(®) 1,2 > timsup e

The following elementary proposition will be used.

Proposition 3.3. Suppose T is a bounded operator on a Banach space X
and {x,} is a sequence in the unit ball of X that goes weakly to zero. Then
IT]]e > limsup,, o |[Tn]].

Proof: Let K be a compact operator. Then
IT — K|l = limsup [|(T — K),|| = lim sup || Tz,

since ||Kxy|| — 0. Now take the infimum over all K to get the desired
conclusion. m

We will apply Proposition 3.3 to the operator C,, with the role of {z,}
played by normalized reproducing kernels for the spaces H 2(Qj). We fix
J,0 < j < pand let ¢ be the linear fractional transformation that maps €2;
onto the unit disk A, with ¢(¢9) = 0. We then know that

1
/ uo ¢ dwj = — / udf, w continuous on T’
r 2m Jr

J

where w; is the harmonic measure on I'; relative to 2; for the point #y. It
then follows that the reproducing kernel for a on H?(Q;) is given by

. 1
1 —o(a)¢(2)
From Proposition 3.3, we see that
QA
) C. K7 2
9) |Cy||2 > lim sup 1€ Ka” ] Qa I .
a=ly || KG 72
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We may compute terms on the right above in the following way:
Q; Q;
ICRIP = [ 1K o g

- /|K V()Y (2)PdA(z) + [ Ko (to) 2

= _/ ’¢(a)‘ 4’¢/((P<Z))’2‘(PI(Z)‘2C£A(Z) 41
TJo|l— |

P(a)p(o(2))
- 2 Pl (W) |2 Ny (w)dA(w
W/S)\l—m¢(w)‘4|¢( )" Np(w)dA(w) +1
2 [ PPy g
s /U ‘1_EC‘4N¢(¢ (€)dA(¢) +1

where b = ¢(a), and U = ¢(£2). We now make the change of variables
C=m(§) = lb_;gi or £ = 1(¢). We then obtain

B> 2

Q2
10 C, K, ||” 2 —— 55—
( ) H ¥ || (1—|b|2)2ﬂ' U,

N (67 (1(8)))dA(E)
where Uy = 7,(U).

We need to compute the norm of KC? 7 in H?(Q) exactly. For simplicity,
we set b = ¢(a). Then

KNP = [ I P (2)
_ /|1 1 @) Pontaito)da(:)

=1+;4Hj§@ww«mwm> (where U = ¢(2))

_ 2_ b . . b=¢
= 1+ ;m/{}b 9u,(§)dA(§)  (using € = 1_—58

This last integral may be computed using Theorem 2.10 with f(z) = z. This
will give

2
2 ) enaae = pes [ prade)

e K—wr U
- i [ [E ] o

1— 2
:=4W+L%%%W/H—%ﬂﬁ@

(o k)
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where S is the union of that part of the boundary of U that lies inside A,

so that S is p disjoint circles lying inside A. When this is substituted into

the expression for HKg2 711* we obtain

(11) 1K ? = (ﬁ) (1—|b|2 /S %dwg{)
(12 = ()0

where
1— 2
() = |b|2/ el 1 )
s |1 —bz?
We now put (12) together with (10) and obtain

ICLEK |2 1 9
P > =
|K |2 — (A=[pP)A —I(b)m

The open set U = ¢(£2) has the form U = A\ P where P is the union of p
closed disks. As |b] — 1, 1, converges uniformly on compact subsets on A
to a unimodular constant. Thus, 7,(P) (as a subset of A) converges to the
unit circle as |b] — 1; in particular, if » < 1 is given, then U, contains the
disk {|¢| < r} when |b| is near enough to 1; that is, when a is near enough
to I';. Thus,

(13) /U N (67 (m(€)))dAE).

No (671 (m(€)))dA(E) = No (67 (1(€)))dA(E).

Uy ‘S‘ST

However, by the sub—mean—value property for the counting function, Theo-
rem 2.8, we obtain

% €< Ny (¢~ (1(6)))dA(E) > 2N, (¢~ (7(0)))r? = 2N, (a)r?.
When this and (13) are applied to (9) we obtain

2
(1= [p*)(1 - 1(b))

The number r may be arbitrarily near 1 so that it may be removed from
this last inequality yielding

ICslle = lim sup Ny(a)r?.,
a—T;

2N¢(a) — o(a
a-ppa 1wy =

(14) 1l > limsup

Next ga(a;to) = gu(b;0) and so
2 Np(a)  gu(b;0)

T = Galai) T =)

(15)
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We now claim that

(16) lim gUQ(I” 0) =1, 0<t<2n
ot T = [bP) (1 1)
(14), (15), and (16) imply that
) N, (a)
17 Cylle > lim sup —2—
( ) || (,0|| a%l"jp gQ(a,tO)

which together with (7) proves the theorem.
To see that (16) holds, we note first that

gu (b;0) . gu(b;0)  dgu , 4 it
_— = 1 = — t :V v
boet T(L— [b2)  boet 1—[0]  on (e%) = V(")

where V is the function such that Vdt = 27rdwg on the unit circle T. Now let
u be any continuous function on T and let @ denote its harmonic extension
to A via the Poisson kernel. Then

L A U O Sl

21 Jr ®) (1 /s|1—ﬁz|2d 0>dt
— a _ i 1_7|Z|2u wU z
— (o) /S<2W/T|1_%|2 (t)dt)d § )
=u(0) — /Sﬂ(z)dwg(z)
—0) - [ w2 () + [ udefl 2

1

) 1— 122
Vet = 1- idwg
s 1 —etz]?

— lim (1-1(3).

This shows that

which gives us (16), so we are done.
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