KERNELS OF HANKEL OPERATORS AND HYPONORMALITY
OF TOEPLITZ OPERATORS.

CAIXING GU AND JONATHAN E. SHAPIRO

ABSTRACT. We give a formula for ker H;_Hg and describe when ker H;_HE =
1 1

ker Hg~. We explore the hyponormality of Toeplitz operators whose symbols

are of circulant type and some more general types. In addition, we discuss

formulas for and estimates of the rank of the self-commutator of a hyponormal

Toeplitz operator.

1. INTRODUCTION

Brown and Halmos [2] started the study of the algebraic properties of Toeplitz
operators. They showed that the Toeplitz operator T, with symbol ¢ is normal
if and only if ¢ = au + (8 for some real-valued function u and complex numbers
a and (. Cowen [3] recently showed that T, is hyponormal if and only if there
exists k € H™, ||k||, < 1, such that ¢_ — kT € H?, where ¢, = P(y) and
¢_ = (I —P)(p). See also Nakazi and K. Takahashi [17] and the first named author
[11] for generalizations and refinements of this characterization.

Recent efforts have been made to give more explicit conditions for the hyponor-
mality of T,. That is, how we can actually check if thereis sucha k € H*, ||k[| <1
such that ¢_—kp- € H 2. Particular attention has been paid to Toeplitz operators
with polynomial symbols. In Particular, using the results of Nakazi and Takahashi
[17], and Zhu [20], Lee and his collaborators [5], [6], [13] and [15] gave explicit con-
ditions for the hyponormality of Toeplitz operators with polynomial symbols whose
coefficients satisfy certain symmetric or circulant relations. The main purpose of
this paper is to put their results in a much more general and abstract setting and to
give explicit criteria for the hyponormality of a broader class of Toeplitz operators.
Our approach emphasizes the use of Hankel operators and the proofs are done in a
more abstract and often simpler way.

To be more specific, we now outline the plan of the paper. Some questions about
the hyponormality of Toeplitz operators are seen to be related to properties of the
kernels of Hankel operators and products of Hankel operators. In Section 2, we
explore the kernels of products of Hankel operators, leading to the explicit formula
for ker H;_IHE' We use this formula to understand better when ker H;THE =

ker Hg> and to provide a simple proof of the main result of Nakazi in [16].

In Section 3, we use the result mentioned above to tell us about the hyponormal-
ity of a Toeplitz operator with circulant-type symbol. This allows us very easily
to derive the explicit conditions for hyponormality of a Toeplitz operator when the
symbol is a circulant polynomial.
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The results of Section 3 concerning hyponormality of Toeplitz operators with
circulant-type symbols are generalized to a broader class of symbols in Section 4.
Formulas for and estimates of the rank of the self-commutator of a hyponormal
Toeplitz operator are then developed in Section 5.

For Toeplitz operators with symbols of bounded type, we reduce the determina-
tion of hyponormality to the computation of the norm of certain Hankel operators.
This takes place in Section 6.

Finally, in Section 7, we use the computation of Hankel operator norms to give
more explicit examples of hyponormal Toeplitz operators with symbols satisfying
some symmetric conditions. It is a remarkable fact that the Hankel operators we
are interested in here have been studied extensively in the recent literature because
of their important application in robust control theory; see the book [9] by Foias,
Ozbay and Tannenbaum for details and more references. In particular, we indicate
an efficient algorithm from [12] by the first named author, Toker and Ozbay for
the computation of Hankel operator norms. We illustrate this algorithm by a self-
contained discussion in a simple case. We then show how some conditions on the
coefficients of the polynomial symbols of hyponormal Toeplitz operators in [5] and
[15] follow from this simple case, and we conclude the paper with an explicit example
of hyponormal Toeplitz operators with irrational symbols.

1.1. Notation and Preliminary Results. For ¢ in L*° the Toeplitz operator
T, : H? — H? is defined by T,h = P (ph), where P is the projection operator
from L? to H?. Let J : (HQ)J' — H? be given by Je ™ = ¢i»=10 for p > 1.
The Hankel operator Hy : H?> — H? will be defined by Hyh = J (I — P) (fh). Let
S =T, be the shift. It is then true that H;S = S*Hy. Also, for f € L™, we define

f: f(z), and note that Hy = H 7 We can then verify, using the definition of the
Hankel operator, that, for g € H*®,

(1.1) H;T, = Hyy = TS H;.
Using (1.1) and the connection between Hankel and Toeplitz operators
Tpy —TyTy = HzHy, where @, € L™,
we can show
Lemma 1. For an inner function 6 and ¢ € L,
HyH, — Hy,Hoy = H; (1~ T,T3 ) Hy = HyHEH;H, = H;HgHz H,.
For an inner function 6, H(0) = H2 © 0 H?. We will make use of the character-
ization of H(6):
H(9) = {f c H2[3f ¢ Fg}
It is then easy to show

Lemma 2. For an inner function 0, Z0H(0) = H(9).
Proof. If f € H(#), then Z0F € H(0) since G20f = Zf € H3, thus Z0H(0) C H(6).
From this inclusion, we can multiply both sides by z6 and take conjugates to get
H(0) C Z0H(0). 1

We will also frequently make use of the facts that ker H = 0H 2 and thus
range (Hg) ="H(0).
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2. HANKEL OPERATOR KERNELS
It has been shown by the first named author that
Theorem 1 (Gu, 1999). For any two L functions f and g,
either ker HyH, =ker Hy or ker H Hy = ker Hy.
See [10] for a proof of this theorem and more general results for products of finite

many Hankel operators. As a corollary of this theorem, we get a result of Axler,
Chang, and Sarason in [1], which can be stated as

Theorem 2 (Axler, Chang, and Sarason, 1978). HjH, has finite rank evactly when
at least one of (I — P) f and (I — P) g is a rational function. In this case, the rank
of H;fHy is the minimum of the degrees of (I — P) f and (I — P)g.

Proof. H}H, has finite rank iff H;Hy does, too, and by Theorem 1, this rank,
which is the codimension of the kernel, is either the rank of H, or Hy, at least one
of which is finite. Since the rank of H;Hy is at most the rank of Hy and the rank
of HyH, (which must be the same) is at most the rank of Hy, this rank must be
the minimum of the ranks of H, and Hy, which is the minimum of the degrees of

(I-P)fand (I-P)g. 1

We now wish to understand better the when ker H}‘Hg = ker H; and when
ker Hy Hy = ker Hy, particularly in the case where f and g are conjugates of inner
functions.

Theorem 3. For any two inner functions 61 and 02,
ker Hx—Hy= = 65 H 0 05%(61 H? 1 H (62)).
Proof. ker H;THE D ker Hg> = 0o H?, so for any p in ker H;‘THE which is not in
0 H?, p € ker H;THE is equivalent to 0 # Hg-p € ker H‘;‘T =J (Em) , Or
Oop =201 + k
for some H? functions h and k, with h # 0. We rewrite this as
p =Z01hby + Ok

Now consider the orthogonal projection of p onto the space H (65). This projection
is given by z61hfs, since z61hf5 can be seen to be in H (02), while 02k is orthogonal
to H(02). This tells us that ker H;‘—Hﬁ consists of the orthogonal sum of fyH?

and elements of the form z0; hf which are in H?, i.e.,
ker Hy-Hg> = 05 H? & 0520, H? N H*.
Since 6920, H2 C H (62), we can write
ker Ha-Hg> = 62H” @ 6520, H? N'H (62)
= 0oH? 00220, H2NZ0H (f2)  (by Lemma 2)
= O,H? 6,7 (W N W)

= 0yH? 1 0:2(01 H2 N 'H (02)).
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From this, we get:
Corollary 1. For any two inner functions 61 and 05,

closure (range (H;_EHK)) = 02z(H (02) © (01 H2 N'H (02))).

Proof.
1

closure (range (H;_EHW)) = (ker H;_IHE
- @ \4L
= (92H2 &) 927(91]{2 ﬂH(eg)))
H (62) © 05Z(01 H2 NH (02))
02z H (62) © 02Z(01 H2 N'H (62))
= 927(7‘( (92) ) (91H2 NH (92)))

The question of when ker H;—Hg = ker Hy can now be answered as follows. i
1

Corollary 2. For inner functions 81 and 02, ker H;—ng = ker Hp if and only if
91H2 NH (92) = {0}

Proof. By Theorem 3, ker H%Hg = 0oH? @ 057(01 H2 N 'H (62)), so ker HE-Hy =
ker Hy> = 02 H* when 61 H* N'H (62) = {0}. I

We can use the results above to provide a different proof of the main theorem of
Nakazi from [16],

Theorem 4 (Nakazi, 1987). Letn be a nonnegative integer. Let 01 and 02 be inner
functions. Suppose that H (02)N01H? # {0} . Then the dimension of H (62) / (H (62) N 61 H?)
is n if and only if 01 is a Blaschke product of degree n.

Proof. The hypothesis that H (62) N §1H? # {0}, by the corollary above, im-
plies that ker H;—IHE #+ ker Hp,. By Theorem 1, ker Hg—QHH = ker Hp-, that is

closure (range (H%Hg)) = Range (H;%) ="H(04).
By Corollary 1, dimH (62) / (H (62) N 61 H?) = n exactly when
dim {closure (range (H;THE))] = rank (H;THE) =n,
or, equivalently,
rank (HQ—HG—) — rank (H%HE) = dimH (6,) = n.
This happens exactly when 6, is a Blaschke product of degree n. i

To understand better when ker H;—H% = ker Hp; and when ker H;—HE =
1 “ 2
ker Hp-, we define a partial order on the set of all inner functions as follows:

Definition 1. 61 < 0, if ker H-H-  ker Hy, i.c., 01H? NH (02) # {0}

This does, in fact, give us a partial order since if §; < 02 and 02 < 63, then there
are functions h; and ho in H? such that 61k € H (02) and 62hy € H (#3). But
then 0201hy € H, and G302hs € HE, so (0362h2) (020111) = 0301hihs € HE, ie.,
O1hihy € H(@g), or 01 < 0s.

Proposition 1. The order < is a strict partial order.
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Proof. By Theorem 1, it is impossible to have both ker Hg—Hg # ker Hg; and
1
ker H%HE #+ ker Hy-, ie., 01 <60 and O3 < 64. 1

Exactly when 67 < 65 is still not fully understood, but there are several things
we can say.

1. If 201‘02, then 64 < 6.
Proof. If 201]02, then 20,05 € H?, so 050, € H_g, and thus 61 < 65. |

2. If degfy > degfy for finite Blaschke products 61 and 65, or for an infinite
Blaschke product 6y (for which we say that deg#y = 0o0) and a finite Blaschke
product 82, then 61 4 5.

Proof. We have an explicit representation in these cases for H (62) (see [T,
page 278]) which tells us that if 65 is a finite Blaschke product, then H (62)
contains members whose inner factors can be any finite Blaschke product of
degree smaller than deg#s, and if 05 is an infinite Blaschke product, then
H (62) contains members whose inner factor is any desired finite Blaschke
product. i

3. If deg 6y < degfs (as in (2)), then 61 < 5.
Proof. By Proposition 1 and the previous fact. i
4. If deg#; = deg s is finite, then 61 £ 5.

Proof. Again, by the explicit representation of H (f2), we see that the degree
of the Blaschke factor of any element H (02) is smaller than deg s = deg6;. 1

5. If 6; = 9/19 and 6y = 9/29 for some inner function @, then 1 < 05 if and only
if 07 < 65.
Proof. 6; < 6y if and only if 826,h ¢ H_g for any h € H?, if and only if
05000 h ¢ HZ for any h € H?, if and only if 6] < 65.

Note that since the closure of the range of an operator is the space perpendicular
to the kernel of its adjoint, we get

Corollary 3. 61 4 05 if and only if closure (range (H;—DHE)) = range (H;T) =
H (). “ “

3. HYPONORMALITY OF Tf+5f

In this section we discuss the hyponormality of Toeplitz operators with symbols
satisfying a certain circulant symmetry. We first recall Cowen’s characterization
of hyponormal Toeplitz operators [3]; see also [11] and [17] for generalizations and
refinements of this characterization. For ¢ € L™, let ¢ = ¢, +@_ be the decom-
position of ¢ into its analytic and co-analytic parts.

Cowen’s Theorem (1988). T, is hyponormal if and only if there exist k € H™,
k|l <1 such that

7o kpy € H>.
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A slight variant of the above characterization in [17] is that
p—kpe H”,
which deals with only bounded functions.
Proposition 2. Let 0, 01, and 05 be inner. Assume 6 £ 01605. Then
ngl H§91 — ngz H§92 >0
if and only if 01]6s.

Proof. First, by Corollary 3, since 6 £ 6165,

(3.1) closure (range (H(;:_egH?)) = range (H(;Kl(b) =H (6162) .
We wish to know when

Hy, Hge, — Hyy Hgy, = Hg (To, T4, — Ty, T5,) Hy (by (1.1))
(32) —  Hj (Hy-H; — Hy-Hg-) Hz > 0
holds.

HzHy is the projection onto H (), so range (H;—He—f H*—HO—) C H(0) +
2 2 728 1
H (82) C H (6105). (3.2) holds iff
<(15r;_2HE _ Hg—lHE) Pr0,0,) Hgh, PH(GWGQ)H§h> >0 for all h € H2.
By assumption (3.1), closure (PH(9192) (HgHz)) =H (0162), so
H;_QHE — H;‘THﬁ > 0.
This is equivalent to ker Hp— = 61H? O ker Hy = O2H?, or 61]65. 1

Let p(z) = f(z) + 0f(2) for some inner function § and f € H(#). Let ¢ =
@, +%_ be the decomposition of ¢ into its analytic and co-analytic parts. Define
fi(z) =60f € H>.

(3-3) Tr=7=0(07) =01, F-=0f
Note that since f# and f have the same outer part, say fp, we can write f#(z) =
0/1f0(2) and f(z) = QIQfO(Z), from which we can write

'), -
Fla)
or
(3.4) 01 f =02 f*,

where 61 and 6, are relatively prime inner functions, with 6; |0/1 and (92|(9I2. Without
loss of generality, we can assume that 6,65 is relatively prime to 6.

Theorem 5. If 0 £ 0,05, then T, 5, is hyponormal iff 61|05.

0f
Proof.
T3, T,] = T,T,—T,T} = HsHgy— HjH,

= H;THW — Hzp—Ho— = gquﬁfu - Hnggf >0
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(by Cowen’s Theorem) <= there is some k € H*®, ||k||_ <1 and h € H? with
0f —kOft =h
which is equivalent to
f—Ekff=on
or
f—k0:102f = 6h,
f (0 —kOy) = 020h.

Since 6§ and f are relatively prime, we must have 5 — kf; = 0h, or 80y — kO, = h.
By Cowen’s Theorem again, this happens if and only if

Hzo Hgo, — Hg,, Ho, = 0.
By Proposition 2, this happens if and only if 61]62. 1

3.1. Example. We consider the case where ¢ is a circulant polynomial, as in [6].
We will see that the theorems above lead to a simpler and more natural proof of
the characterization of when a Toeplitz operator with circulant polynomial symbol
is hyponormal. We have the definition of a circulant polynomial,

Definition 2. A trigonometric polynomial ¢ (z) = Zgz_m cn 2™ of analytic degree
N and co-analytic degree m is said to be a circulant polynomial with argument w
if (i) m < N and (it) there exists w € [0,27) such that c_y = e“cn_g41 for every

1<k<m., and (ii) co =c1 =+ = cN—m = 0 when m < N.

For such a ¢, it is easy to see that we can write

0(2) =cenzN b enmm 2V T e ey b e 12 ™
or
(3.5) p(z) = 27N+ e¥)g(2) = f(2) + 2N f(2)
where

9(2) = enz™ M eno12™ P 4+ ooy and f(z) = 2N g(2).

We are now in the situation where ¢ = f +0f, and f € H(f), since § = e~z N+1
has degree N + 1, and f is a polynomial of degree IV.

T, is thus hyponormal if and only if Tf T is hyponormal, which happens if and
only if 01/02, where 61 and s are the relatively prime parts of the inner factors of
f* = 6f, and f, respectively. This is a consequence of Theorem 5, since it is easy
to see that deg (0162) < deg(f) = N + 1, i.e., 8 A 6165.

01 is the inner factor of szlm =CN+eN 12+ -+ TN my12™ L, s0 01(2) is
zero in the unit disk D exactly at those z where ¢g(1/Z) = 0. 6 is the inner factor
of g, so it is zero in I) where g is zero. 64|03 exactly when, for each root ¢ of g with
I¢| < 1, 1/C is a root of g of multiplicity at least as great as the multiplicity of ¢.
This is exactly the criterion for hyponormality of the Toeplitz operator T,,, with ¢
a circulant polynomial, which was proved in Farenick and Lee [6].
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3.2. Example. The above result of [6] has been generalized in [13] as follows

Theorem 6 (Hwang, Kimn, and Lee, 1999). Suppose ¢ (z) = Ei:;fm cn 2™ with
m < N and write

S :={(,1/C: the complex numbers ¢ and 1/C are zeros of 2™ (2)}.
If S contains at least (N +1) elements then the following statement are equivalent.
(i) T, is hyponormal.

(ii) For every zero  of 2™y (2) such that || > 1, the number 1/ is a zero of
2™ (2) in the open unit disk of multiplicity greater than or equal to the multiplicity

of C.

We next show how to derive this generalization also from Theorem 5 by using
our notation and Cowen’s characterization. It follows from the assumption that

2" (2) = p(2)q(2)

where p(z) is the polynomial of degree N 4 1 whose zeros consist of N + 1 elements
from § such that if ¢ is a zero then 1/ is also a zero of p(z). Thus ¢(z) is a
polynomial of degree m — 1. It is easy to verify that p(z) satisfies the relation

pﬁ(z) = ZN'H@ = p(z2).
We note that the previous example is a special case of this example since by (3.5),
2 (2) = (2Nt + e)g(2). By a variant of Cowen’s Theorem, as noted in [17],
T, is hyponormal if and only if there is some k € H*, ||k|| ., <1 and h € H? with

o —kp=h.
Multiplying both sides by 2™, we have
p(2)a(z) = k2N p(2)2" N q(2) = p(2) |a(z) — k2N g(z) | = 2" h

Equivalently

z7q(2) — k2N H1g(2) = by

for some h; € H?. By Cowen’s Theorem again, this happens if and only if Ty is
hyponormal where

b= 2 g(2) £ Zq(2) = f(2) + VT A(2) = J(2) + BS(2).

with § = 2Vt Note that 1) is of circulant type exactly as defined above. The
result follows now from Theorem 5 as explained above.

4. HYPONORMALITY OF T, WITH ||¢, ||, = [|¢_],

Let ¢ € L? of the unit circle, and write ¢ = ¢ 1 +%_, where ¢, is the analytic
part of o, i.e., the projection of ¢ onto H?, and % is the anti-analytic part of o,
i.e., ¢ € HZ. In this section we characterize hyponormal Toeplitz operators T,
with symbols ¢ satisfying ||ga +||2 = ||<p
version of Theorem 5.

_ ||2 . As a consequence we get a strengthened

Theorem 7. For ¢ = ¢, +%_ as above, if Hap+||2 = HaprQ, then the Toeplitz
operator Ty, is hyponormal if and only if p_|p, (in H?).
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Proof. By Cowen’s Theorem, T, is hyponormal if and only if there is some k € H>®
with [|k[| <1, and h € H? with

(4.1) 7= - kg = h.

When this happens, we have

1=l = [P, = 27
< Kl < Il [2F e < [l ], = oIl

We can thus conclude that we have equality everywhere in the above, in particular,
that k& must be an inner function, and HPH—gkga_—i—HQ = ||kg+||,, i.e., that kp+ € HE,

-1l

A\

sop_ —kp, € H_g7 and thus h = 0. We then have
- = ko
Since k is an inner function, we can write
ke =y,

orp_lp..
In the opposite direction, it is clear that if ¢_|¢,, then fp_ = ¢, and (4.1)
holds, with h =0, and k = 6. |

Corollary 4. For ¢ = ¢, +9_ as above, if ||<p_¢_||2 = Hcpf”z, then the Toeplitz
operator T, is hyponormal if and only if ¢ = K@ for some inner function k.

Proof. T, is hyponormal iff k¢ = ¢, for some inner function k, by the proof
above. For o = ¢, +@_=kp_+0_, o =kp_+¢_,s0kp =0 (kg_+¢_) =
kp_+o-=¢. 11

Corollary 5. If ¢ = f + 0f, with notation as in (3.3) and (3.4), then T, is
hyponormal if and only if 61|05.

Proof. ¢, = f,and ¢ = 1t |‘<p+||2 = H<p7||2, so T, is hyponormal if and only
307|50+7 i'e'a fﬂ‘fa or 91|02- I

This generalizes Theorem 5, since we no longer need the condition that 8 £ 6162
in order to get the conclusion that T, is hyponormal if and only if 6 |6,.

If ¢ € L? satisfies ||<p+||2 = ||<,0_||2 and T, is hyponormal, then, as noted in
Corollary 4, we can write, k¢o_ = ¢, for some inner function k. This means that
¢, and ¢_ have the same outer factor, say f, and we can write p_ = 01 f and
¢, = kb1 f for some inner function ¢;. The general form of the symbol ¢ of a
hyponormal Toeplitz operator 1, for which ||ga +||2 = ||<p7 ||2 is

o=@, +P- =kt f+01f.

One consequence of the above is that if ||<,0_~_||2 = ||<p_|
then, since ¢_ |, , we must have ¢, € HZ Ifp= pytct+p_wherep,,p € HE,
and c is a constant, then it is easy to see that T, is hyponormal if and only if
Typ—c = Ty, 47— is hyponormal, so if ||ga+||2 = H<p7||2, then T}, is hyponormal if
and only if ¢_[p,.

o> and T, is hyponormal,
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5. RANK OF [T%,T,]

It is relevant to mention the following characterization of hyponormal Toeplitz
operators whose self-commutator [T;, T,,] is of finite rank [17].

Theorem (Nakazi and Takahashi, 1993). T, is hyponormal and the self-
commutator [T;;TA is of finite rank if and only if there exists a finite Blaschke
product k such that ¢ — kp € H>® and moreover one can chose a k such that the
degree of k is equal to the rank of [T;,TLP] .

It is possible to have different & such that ¢ — kp € H®, see [13, page 252] for a
simple example. To estimate the rank of [TL’;7 T¢] using the above result, one has
to carefully find or argue for the right or unique finite Blaschke product, as was
done in [6], [13] and [15].

Here we offer a slightly simpler approach. Let k& be any inner function such that
¢ — k@ € H™(or p_ — ki € H?). We can write

[T;, TLP] = HzHz— H;H, = H;Hz — HizHig
= H;THEH%HW by Lemma 1.

We thus have
rank [1};,T,] = rank Hy—HpH; Ho— = rank Hi—Hy;
= min {rank HW’ rank HE}

by the theorem of Axler, Chang, and Sarason [1].

5.1. Example. If T, is hyponormal and ||‘P+||2 = ||<p_|
¢y = ke_. It is then clear that rank Hg— > rank Hy;, so

o> then we must have

rank [T;, T¢] = min {rank Hg— rank HE} = rank Hy

5.2. Example. If o = f + 6f and T, is hyponormal, we have

Tf+§f]

= min {rank HX _ rank HE}
f+6f

= min {rank H?’ rank Hg} = rank H,

rank [T;, T¢] = rank [Tf* LT

where w is the inner function defined by f+6f = uf + 0f, or, equivalently, uf# = f,
iLe., u= J% The fourth equality above comes from the fact that v must be a factor
of f, and thus rank Hyz < rank Hy.

In the example considered earlier, where ¢ is a circulant polynomial, }‘fT =
2N _mﬁ% = u, so we see that u must be a Blaschke product with degree
N —m+ ng) — Zo\p, where Zp is the number of zeros of g in ) and Ze\p is the

number of zeros of g outside of I) (which is the number of zeros of 2™ 1g(2) in D,
all of which cancel with the zeros of g when T, is hyponormal).
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5.3. Example. In the more general case as in Theorem 6, let k; = %. Write

k1 = ZN_W%%. Note that the zeros of 2N (z) in D are the zeros of 2™p(2)
outside of D. By Theorem 6, if T}, is hyponormal, then for every zero ¢ of 2™¢ (z)
such that |¢| > 1, the number 1/¢ is a zero of 2™ (z) in the open unit disk of
multiplicity greater than or equal to the multiplicity of (. We see that all the zeros
of 2Ny (2) in D will be canceled by the zeros of 2™¢(z). Thus k; must be a Blaschke
product with degree N —m+ Zp— Zonp, where Zp is the number of zeros of 2™ ()
in D and Zcyp is the number of zeros of 2"™p(z) outside of ) By the assumption
that & contains at least (N + 1) elements and the degree 2™ (2) is N + m, it is
clear that Zp — Zc\p < m.Therefore

rank [T;, T¢] = min {rank He—, rank H;, }

Py

= min{N,me—‘er)—Zc\]D}ZN—m—i-Z]D;—ZC\]D).

5.4. Estimates of Rank. For more general ¢ € L if ¢ is of bounded type (i. e.
quotient of two bounded analytic functions), we can still estimate the rank of the
self-commutator of T, when T, is hyponormal.

[T;,T,] = HzHz— HjH,
= H;THW — Hz—Hz— > 0.
Since the closure of range (H;THW) is H (64), where 6 is an inner function with
ker Hor = 6, H?, we can give an upper bound for the rank of [T; 7TCP] by the
dimension of this range, which is deg 8., if 6 is a finite Blaschke product. Because
of the positivity of H:;THW — HZz—Hg—, we can conclude that 0_10., where 6_ is
an inner function with ker Ho— = 6_H?. Let § = 6, /6_. It then follows that

range [T55,T,] D H(04) OH(0-) =H (00_) O H (6-) = 0_H (0)

since H (00_) =H (0_) ®0_H (). Thus we have rank [T3;,T,| > dim (0_H (0)) =
degf, if 6 =0, /0_ is a finite Blaschke product.

As an example, consider the case where ¢ is any trigonometric polynomial,
v(z) = Zg:_m cp 2", with T, hyponormal (and thus N > m). We will have
degf; = N, and degf_ = m, so the results above tell us that

N —m <rank [TL;T@] <N,

which is discussed and proved in [6] (the upper bound is known from [14]).

6. MORE HYPONORMAL TOEPLITZ OPERATORS

In this section we reduce the determination of the hyponormality of Toeplitz
operators with symbols of bounded type to the computation of the norm of Hankel
operators via the Nehari distance formula. This allows us to construct a class of hy-
ponormal Toeplitz operators with symbols satisfying certain symmetric conditions,
including those of polynomial ones discussed in [5] and [15]. This is achieved by
using recent results on the efficient computation of the norm of Hankel operators
in the context of robust control theory, which will be given in the next section.

Let ¢ = ¢, +%_, as earlier, and assume ¢ is of bounded type. Write ker Hz— =

6 H? for some inner function 6, and, as noted above, the hyponormality of T, implies
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that there is some inner function g such that ker Hﬁ = 0p0 H2. Then we can write
o, = foba, p_ = 0b

for a € H (0p0) and b € H (0).
By Cowen’s Theorem, T, will be hyponormal if and only if there are k € H*°
with [|k[|, <1 and h € H? with

Po—kpr=h
or
b — kfgba = h,
Oob—ka = 6bh.

If there is a solution to this last equation, then we must have 0|k, so let k = 0ok,
and write the equation as

(6.1) b—kia = Oh.

Let k; € H* be any solution of equation (6.1), i.e., b—kja = 6h for some h € H?2.
We do not place any restriction on ||k1||,,. Then all solutions g to b—ga = 6h are of
the form g = ki +0f for some f € H*. We can thus conclude that T, is hyponormal
iff there is some solution g of H* norm at most 1, or inf ;e e ||k + 6|, < 1. By
Nehari’s Theorem [18] or the result in [19]

it k4 0flloo = it [0k + f| = ([ g, ||
Thus we have

Theorem 8. If ¢ = 0ofa+0b, for a € H (006) and b € H (0), then T, is hyponor-
mal iff for any particular solution ki € H™ of equation (6.1), ||H§k1 || <1.

Let us now decompose a as
a = Pygya + 0ar = ap + Oay.

The component a; does not have any effect on ||H§k1 || for solutions ky of (6.1), so
we get

Corollary 6. If p = 66+ 6b, for a € H (008) and b € H (0), with a = Py ga +
fay = ag + fay, then the hyponormality of T,, is independent of the component ay.

Corollary 7. If ¢ = 6ofa + b, for a € H(0o0) and b € H(0), then T, is
hyponormal iff Ty is hyponormal, where 1) = T%GOQE—&—% = P(6a) +0b = fag -+ 0b.

Proof. Note that the hyponormality of both T, and Ty is equivalent to ||H§k1 || <1
where k; is any bounded analytic solution of b — kjag = 6h for some h € H?. |

Assume now that the inner function 6 (as used in this section) has some Blaschke
factor, i.e., is zero at some a € I, and that |a(o)| = |b(«)|. If T, is hyponormal,
ie.,

b—kia=06h
has a solution with ||k, <1, we then have

b(a) =k (o) a(a) =6 (a) h(a) =0,
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or ki () = %(%% will have modulus one, which means that k1 (z) must be constant,
by the maximum modulus principle, say k1(z) = (. We now write

b — C (ao —|— 9(11) = 9h7
and deduce that since b — ag € H (), b — Cag = 0. This then gives us

Corollary 8. If ¢ = 0pba + 6b, for a € H (6¢0) and b € H (0), and |a(a)| = |b(a))
for some o with 0 (o) = 0, then T, is hyponormal iff b = Cag for some constant ¢
of modulus 1.

6.1. Examples. Consider again the case where ¢ is any trigonometric polyno-
mial, ¢ (z) = Zngm cn2”, with N > m. We can write ¢ = 6pfa + co + 0b
where 0(z) = 2™, 0p(z) = 2N"™ a(z) = ey +ey_1z + -+ 12V L and b(z) =
c 12" Ve 922 4. 4 ¢_,,,. When we write a = Pygya + a1 = ag + Baq
as above, we see that ag(z) = cy + ey_12 + -+ + ey_me12™ 7L, and ay(z) =
CNem 2™ + eNem—12™T 4+ o+ 12N~ We thus see that the hyponormality of
T, is independent of cq, and, since it is independent of a, it is independent of
the Fourier coefficients cq,...,¢y_m as well. This is a result demonstrated in a
different way in [6, Theorem 1].

Furthermore T, is hyponormal if and only if T}, is hyponormal where 1)(z) =
Tox=72"a 4+ 2™b = 2™aq (z) +Z™b, which is obtained in [15, Proposition 2]. This
result shows that to determine the hyponormality of T, with ¢ (z) of the form

w(z) = ny:_m en2™ (m < N), it is sufficient to consider the Toeplitz operator Ty
with ¢(z) of the form ¢ (2) = 3" c,2™.

Also, since §(z) = 2™, if a(0)| = [b(0)|, i.e., |cn| = |c—m]|, and T}, is hyponormal,
Corollary 8 says that we must have some constant ¢ of modulus one with b = (ay,
ie, ¢ ik =Ceny_p for k=0,1,...m —1. This is a result which was shown in [5,

Theorem 1.4].

7. NORMS OF HANKEL OPERATORS

In this section we give more explicit examples of hyponormal Toeplitz operators
with symbols satisfying some symmetric conditions including polynomial symbols
discussed in [5] and [15]. We first introduce some notation. Let ¢ = 6ofa + 6b, for
a € H(0p0) and b € H (0) . Let also § = 6105 where 05 is a finite Blaschke product.
Assume

(7.1) b = Ba + 01b; for some b € H (#3) and constant 8 (|G| < 1).
Note that in this case equation (6.1) becomes
Ba + 01by — kia = 0105h.
This implies that (3 — k1)a = 61hy for some hy € H2. Therefore ki = 3+ 01ko
where ko satisfies
(7.2) by — ka = fhs
for some hy € H?. By Theorem 8, T, with ¢ satisfying (7.1), is hyponormal if
<1.

and only if HHm(ﬁ ork)

The efficient computation of the norms of more general Hankel operators, of
the form HHMW o)

and ko is any function in H®°, has been studied extensively in recent literature

, where (3 is a rational function (instead of a constant)
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because of its important application in robust control theory. We refer reader
to the book [9] by Foias, Ozbay and Tannenbaum for details. In particular, if

7= HHm(ﬁ-i-elkg) > 7., where v, = HHm(5+91k2) L
Hm( B401k2) then there exists an efficiently computable matrix K () such that
is the largest value for which K(v) is singular. The remarkable fact is that K(v)
is of order at most 2(n + ) where n is the degree of 3 and [ is the degree of the
finite Blaschke product 5. There are several efficient algorithms to compute K(y);
see the paper [12] by the first named author, Toker and Ozbay for one algorithm
which uses the realization form of the rational functions § and 6s. Furthermore 7,
can be computed as shown in Foias and Tannenbaum [8].

We next give examples by further assuming fo = 2. Thus we can take ko

is the essential norm of

satisfying (7.2) to be a constant. In other words, we will compute v = ng(l +ab)
where « is any constant. Since the results in [12] are derived for Hankel operators

on the Hardy space of the right half plane for the much more general case, here we

E

be the essential norm of H§E(1 +ab)" First note that since

give a self-contained discussion for the computation of HH@E(1 +ab)

Let Ye = HHEE(l—i-oﬁ) e

H§E(1+a9) = Hz+ Hz, HEE(1+a9) is a rank one perturbation of Hz., we know that

ng(l +ad) and Hz have the same essential norm. If § is a finite Blaschke product,
then Hﬁz(l +ad) is of finite rank, so v, = 0. If 0 has as a factor an infinite Blaschke
product or a singular inner function, then vy, = 1, since HggHEE is the projection
onto the infinite dimensional space H (z0) .

Assume now y = ng(l +ab) H > v,. Then v is the largest value such that there

exists a pair of vectors x and yg in H? (called a Schmidt pair) satisfying

Hyap® = J(I—P)[02(1 + aB)z] = vyo,
Hy (1 pagyo = P[02(L+ab)T"yo] = ya.

Write J*yo = zy where y € H?. The above equation holds if and only if there
exist ¢; and ¢y in H? such that

(7.3) 0z(1+ af)x + ¢y = vzy,
(7.4) 02(1 +@0)Zy + Zpy = .
It follows from above equations that
NO0zx = (1 +@0)Z7 + 02°py € zH2, 07 = (1 + )z + 029, € H>.
Therefore
(7.5) ¢y =—P Pi(l + af)z] = —P(0zx) — aP(Zx) = —aZ [z — 2(0)]

and

Zp, = —(I—P)[0z(1+ab)zy]
(7.6) ~ - P)[ogl~aU - P)[7] =7 |7~ y(0)] -
Plugging (7.5) and (7.6) into (7.3) and (7.4), we get
Bo+az(0) = 77,

0y +ay(0) = ~a.
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Solving x and 7, we have
(V=17 = aby(0) +ax(0),
(72 —1)z = afz(0) + yay(0).

Therefore there exist non-zero solutions x and 7 satistying the above equations if
and only if there exist non-zero numbers z(0) and 7(0) satisfying

(1+a8(0) —7%) §{0) +ax(0) = 0
(1+a8(0) —~%) 2(0) +yay(0) = 0
This happens if and only if the 2 x 2 matrix
[ 1+ah(0) — 2 Yo
K(v) = < ya 1+ ad(0) —~?

is singular. Equivalently
|14 (0 | lyal> =

Solving the above equation, we see that v = HHEE<1 +ad) H is given by

o 2+ 2Relad(0) + ol + /4[] (1 + 2Re [a8(0)]) + || * — 4 Tm [ab(0)]
2

Theorem 9. Let p = z0a+Z (gﬂa + a(O)&), for a € H(20) and some constants &
and 3 (|8| <1 ). Then T, is hyponormal if and only if HHEE(m—&e) <1, or for
a=46/6,

2+ 2Re [a(0)] + |of? + \/4|a\2 (1+2Re[ab(0)]) + |o* — 4 [Im [aB(0)]|? o1

2 ~ e
Proof. If we let b = fBa + a(0)66, equation (7.2) becomes a(0)6 — ksa = zhy for
some hy € H?. Thus we can take ks = §. Therefore T, is hyponormal if and only if
HH53(6+69)H <lor HH;E(HQG)H < 1/|B| for a = /3. The result follows now from

above discussion. |

7.1. Example. Counsider the case where ¢ is any trigonometric polynomial, ¢ (z) =
Ziv:_N cn2”. We can write ¢ = 20a + co + 20b where 0(2) = 2N=1, a(z) =
cN+cN_1z+~-~+clzN_1, and b(z) = c_ 12N Ly e 92N=24 ... 4 ¢_n. Assume
c_p = Peci for k =2,--- N. That is b(z) = Ba(z) +cnb0(2), for 6 = (c—1 — Ber) /en.
T, is hyponormal if and only if

_2+ 4‘é2+‘é4<i
I T

or |8] <1 —|BJ°. Note that 8 = c_n/cn. So T, is hyponormal if and only if

lc_ieny — cre—n| < |cN|2 — \C_N\Q.

The sufficiency of this condition is obtained in [5, Theorem 1.8] while the necessity
of this condition is proved in [15, Theorem 6.
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We conclude the paper with some explicit examples of hyponormal Toeplitz
operators with irrational symbols. Let

B

p(2) = 2e” T + fze 1% + 57

f=e % a=1b= B+ (0, in the notation of Theorem 9). T, is hyponormal if
( , , , p is hyp
and only if

1]
2]
8]

4]

[10]
[11]
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(13]
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