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Continuity of the Norm
of a Composition Operator

David B. Pokorny and Jonathan E. Shapiro

Abstract. We explore the continuity of the map which, given an analytic self-
map of the disk, takes as its value the norm of the associated composition
operator on the Hardy space H?. We also examine the continuity the func-
tions which assign to a self-map of the disk the Hilbert-Schmidt norm or the
essential norm of the associated composition operator and show these to be
discontinuous. Additionally, we characterize when the norm of a composition
operator is minimal.
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1. Introduction

Let D denote the unit disc of the complex plane and ¢ be a holomorphic function
on D with ¢(ID) C D. The equation Cy, f = f o defines a composition operator on
the Hardy Space H?2. For any such ¢, C,, is a bounded operator (see [4, pg. 117]).
It is known that if ¢, — ¢ weakly in H! then C,, — C, weakly. If p,, — ¢ in
H' then C,, — C, pointwise or strongly. These results and others are found in
[7]. It is also known that ¢, — ¢ in some sense does not in general imply that
|Cy, — Cy, || — 0. However, we show that in several cases, it does imply that
[Co |l = IC|I-

Let ASM (D) be the set of all analytic self-maps of the disk, considered as a
subset of H! or H>°. We will denote this set ASM (D)! or ASM (D) respectively,
when we wish to make a distinction. Recall that the H° norm is given by ||¢]/c =
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sup|,<1 l¢(2)], and the Hy norm is given by

2 ) do
el = [ lete)] 5
Let N: ASM (D) — R be given by N(¢) = ||C,||. We will use Ny: ASM(D)! — R
and N : ASM (D) — R to distinguish the topologies on the domain (N = N; =
Noo). Stated in a different way, we are asking:

For which functions ¢ € ASM (D) is Ny or N continuous?

In addition to questions of the convergence of ||Cy,, || to ||Cy||, we will consider
similar questions with the operator norm replaced with either the essential norm
I lle or the Hilbert-Schmidt norm || || zs. Recall that ||T||. is the distance from 7'
to the subspace of compact operators in the operator norm topology and

ITNzs =D I Teall?

n=1

where {e,}$° is a complete orthonormal basis. We will also often suppress the
subscript and write ||f|| = || f||2 for the H? norm of an analytic function in D.

In Section 5, we show that the well known lower bound for the norm of a
composition operator C,, equation (3.1), is attained (when ¢(0) # 0) only when
@ is a constant function. This appears here as Theorem 4. Chris Hammond, in
[6], has recently obtained this same theorem with a different proof.

2. Hilbert-Schmidt Operators

Let ASM(D)%g denote the set of analytic self-maps of I that induce Hilbert-
Schmidt composition operators, and give this set the H* norm. Suppose that
©n — @ are all in ASM(D)%g. Does it then follow that ||C,, ||zs — ||Cyllas? In
general, the answer is no, as the example below demonstrates. Let

and

on(z) =

1/2 1/27~
() ()
2 14z
where the real part of z!/2 is always positive.

We approach the Hilbert-Schmidt norms of composition operators by using
the formulas (as in [4, Sec. 3.3])

1 do

27
(Co,Cy) s :/O 1 — p(ei)ip(eid) 2T
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and
s = [
o 1—fp(e)? 2
To prove that C, is Hilbert-Schmidt, we will show by direct computation

that the integral
|, T
0 T Tp(@[ 2m

is finite. Since p(e~%) = ¢(e??) this will show that ||C,| g is finite. First note
that for 0 < 0 <,
1—e"  tan(6/2)
L+e?

?

and if we set t = tan(6/2),

. 1 1
10
p(e”) = =
Mt oA/
1"‘\/% 1+\/§ Z\/E
SO 1
02
e =
(el 1+V2t+t
and thus
1 1 1

. = =1+ .
1- \(p(e“g)|2 1- m V2t 4+t

It can be shown using basic calculus that the integral

/” ( 1 ) do
1+ -
0 2tan(6/2) + tan(6/2) | 27

converges. Each of the maps ¢,, has an angular derivative at 1 because each ¢,,
is in fact analytic in a disc centered at 1. Thus none of the Cy,, are compact and
thus none have finite Hilbert-Schmidt norm.

For each n, choose -5 <1, < 1 such that [|C;,
Tnr induces a Hilbert-Schmidt operator. Now ||Cy, ..
in H®.

What about ¢ such that ||¢||cc < 1?7 Is the map Ngs(¢) = ||¢| ms continuous
at such points? Suppose that ||¢|le < 1 and ¢,, — ¢ in ASM (D)$7g. There exists
an 7 < 1 such that for sufficiently large n, ||¢©n||co < 7. Thus

||C<Pn - C«p”%{S = HCVJH%{S + HC nH%IS - (C'%C' 7L>HS - <Csanvc<p>1-15

/2# 1 +/27\' 1 /2W 1 /27\' 1
o L=lenl® Jo 1=leP Jo 1-9n® Jo 1-2,¢

This in turn gives

P S (e o) T alen— )
1o = Cols = | (1—|«p|2><1—son¢>+/o EERET=

Hs > n. Note that each
s — oo while r, 0, — @
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2 27\'
S
a—#vl fon =l

as n — oo. It now follows that ||Cy, ||ms — ||Cyl|lms. We thus have the following
Theorem 1. Nyg is continuous at all ¢ with |||l < 1.

Does this theorem hold if we replace the norm on the space ASM (D)%5g with
the H' norm? No: Let

n) =1 S
1+ (i(:2 - 1)
and
() =1—=  (PED).

Then 7(z) maps D to the upper half-disk (with —¢ mapping to 0) and «,, is the
automorphism of the disk that sends 0 to p. For any p € D, ||Cyoq,llms = o
because |n o ap(z)] = 1 on a set of positive measure (an arc of the upper half-
circle in a neighborhood of i). For each n, let 0, =no Q11 Then, as n gets
large, n, maps the unit circle (at least all of it away from some neighborhood of
i) to arbitrarily small segments on the real line centered at 0, so ||n,||1 — 0 as
n — oo. Choose r,, such that 5 <7, <1 and |[C,y,lms > n. We now have
|Cyn |l s — o0 and rpmy, — 0 in H' as n — oc.

Remark: Tt is easy to check that if ¢ € ASM (D) satisfies ||Cy|| s = 0o then
|Crsllms is unbounded for r € (0,1).

3. Continuity of the norm

We now address the first question raised in the introduction. Is N1 or N, contin-
uous? As the H> topology is stronger than H' topology, a map ¢ at which Nj is
continuous is a map at which N, is continuous.

Theorem 2. The map Ny (and thus Nu, ) is continuous at ¢ if either p(0) =0 or
@ is an inner map. The map Noo is continuous at @ which satisfy (D) C rD for
some r < 1.

Proof. The following estimate for the norm of a composition operator is well-known
(for instance in [4, Cor. 3.7]):

1 14 1]¢(0
<jic,ll < 1201

1—p(0)? 1—p(0)?
Furthermore, it is noted in [8] that the upper bound is attained if ¢ is inner.

If ¢(0) = 0, then ||Cy|| = 1 and ¢,(0) — 0, so the bounds given above force
lim, o [|Cy, || = 1. Let T' € L(H?) be a bounded linear operator. Define ||T| () =

n

(3.1)



Vol. 45 (2003) Continuity of the Norm 355

|ITK,,| where K,, is the orthogonal projection of H? onto the subspace spanned
by {1,2,22,...,2™"1}. Then

TNy < NITOI+NT )+ + 1T E™ I,
so if ¢, — ¢ in H' (and thus in H?), one obtains

ICs,, = Colln) < llgn —@llz + llgn = @®ll2 + - + lf ™ =™ 2.

Since

len = @"ll2 < lleon = @lallon™ + -+ 0" Moo < Ellon — 2,

we have [|Cy, — Cyllim)y < m?|lon — ¢ll2. Thus ¢ — [|Cyll(m) is a continuous
map on ASM(D)! for all m. As limp, oo [|Cy | (m) = |C,| is an increasing limit
for all ¢ € ASM(D)!, Ni(p) is lower semi-continuous for all ¢. In other words,
if ¢ is given and € > 0 then there exists 6 > 0 such that ||p — | < J§ implies
|Cyll > ||Cy|l —e. Note that if ,, — ¢ in H* then ¢, (0) — ¢(0). This can be seen
using properties of subharmonic functions (see [5, Th. 2.6 and 1.4]). For each n,
9n(2) = pn(z) —@(z) is a bounded analytic function in D and |g,| is subharmonic
S0

Jouli = i [ lgutre )] 2 2 Iy (0)
n = l1im n\Te = Z |9n .
gl = lim_ | g 5 219
If, on the other hand, ¢ is inner, then
1 0 1 0
nee =0 /1= [pn(0)2 /1= [p(0)]
Since N1(¢p) is lower semi-continuous, this gives
Tim [Cy | = G|

= 1Cel-

Suppose now that ¢,, — ¢ in H* and ¢(D) C rD for some r < 1. In this case, there
exists an ' < 1 such that |¢,(z)| < ' for sufficiently large n. We have already
shown, while proving Theorem 1, that we can conclude that ||C,, — C,l||34 — 0,
so ||C,,, — Cyl| — 0 and hence ||C,,, || — ||Cy]l.

This theorem shows that, in several cases, ||Cy, || — [|C,|| when ¢, — ¢
in H'. In general, it is not true that ||C, — Cy, || — 0. It is well known that
|Cy — Cy,. || can stay large, even l\;lhen ©n — @ in H*®. As a simple example,
consider the functions ¢, (2) = €'»z and ¢(z) = z. Here ||(C, — C,,)(2")| =
2" — (elm2)™|| = [|2" + 2™|| = 2, s0 ||C,, — Cyl| > 2 for all n.

4. The essential norm

Let ¢, (z) = (1—2)z and ¢(2) = 2. Since ||l = 1—2 < 1, each C,,, is compact
and hence ||Cy, |l = 0 for all n (see [9] for details). Using the formula for the
essential norm given in [10], we have ||Cy||e = limsup),,|_; Ny(w)/(—log|w|) =1
(here N,, is the Nevanlinna counting function). Thus the map ¢ — ||Cy||c is not
continuous everywhere on ASM (D). In fact we have the following
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Theorem 3. If the map ¢ — ||Cy|le on ASM (D) is continuous at @, then C, is
a compact operator.

Proof. Suppose that C, is not a compact operator. Let ¢, = Z7¢. We have
[ICy,. 1le = 0 for all n, but ||Cylle > 0. O

The converse of this theorem remains open. For reference, define the maps
Ny on ASM(D)! and N . on ASM (D)™ by Ny (@) = Noo,e() = [|Co|le-

5. Composition operators of minimal norm

Consider the upper and lower bounds for the norm of a composition operator on
H? that appear in equation (3.1). It is known precisely when ||C,|| achieves this
upper bound (see [8]). Namely, if ¢(0) = 0, then [|Cy|| = 1, and if ¢(0) # 0 then

_ [ 1+|e(0)]
1€l =/ =
Suppose that ¢ is now a constant function. A straightforward calculation

shows that ||Cy|| = | /W. Does this equation characterize the constant ana-
lytic self-maps of D? The answer is yes:

if and only if ¢ is inner.

Theorem 4. Suppose that ¢ is an analytic self-map of D, p(0) # 0, and ¢ is not
constant. Then

1

Coll > (| ——5-
el =\ T Tp

Proof. Let ¢(0) = a and without loss of generality assume that a is real and
positive. Since non-constant analytic maps are open, there is a real b > a such
that ¢(z) = b for some z € D. Let > 0 and observe that
[|C (Ko + K. )|
|1 Ko + K, ||

<G|l

where K;(w) = 1_1&“ is the reproducing kernel at t € D. We have

2
1C5 (Ko + O | e o e e

1Ko+ 2L 1420+ 2

1—a? 21—d?
_ 1 L4295 + 271
1—a? 1+ 2z + %

Now notice that since b > a > 0, we have }:Z; > 1. If = satisfies 0 < = <

21— |22) (422 — 1), then

< _
1—1z2 1T—ab
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S0
2 1—a? 1—a?
14204+ ——— <1+2 2
R e R S
and , )
1— 21—
1+ 2075 4 0° ==
1+ 2x+ ﬁ
We thus have
1 |05 (Ko + zK,)|?

< 2.

<
1—a2 1Ko + 2K, ||?

6. Conclusion

We have examined the continuity of several types of norms on composition oper-
ators with respect the symbols of those composition operators. We have proved
that the map N is lower semi-continuous and, indeed, continuous at all ¢ which
either map 0 to 0, or are inner, and N, is continuous at all ¢ which map D into
rD for some r < 1.

To our knowledge, other functions such as Ni,(¢) = sup,ep Kol g

KWl
Ni,(¢) = sup,ep ”ﬁ;{jn’“ have not yet been investigated in terms of continuity.

(The L. notation follows [2].) The continuity of these maps could possibly have

some relationship with that of Ny, since, for ¢ in a large subset of ASM (D), we
have

K (w)ll ICoKuwll
A R o I A o
This is not true for all ¢ in ASM (D), as was shown in [1] and discussed further
in [2] and [3].
We conclude with the following conjecture:

Conjecture 1. The map Ni(y) is a continuous function on ASM(D)!.

This would in turn demonstrate the continuity of N..
We also ask if Ny, and N . are continuous at ¢ if and only if C, is a
compact operator.
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