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Bicycle geometry

Figure 1 shows the geometry of the bicycle with important parameters indicated.
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Figure 1 – Bicycle geometry

Figure 1 shows the bicycle with the variable names used in the handling qualities model of the bicycle, also referred to as the Patterson Control Model.  Note that almost all of these are different from the variable names used in the dynamic model of the bike.

The axes shown are similar to those used in the dynamic model.  The bicycle is shown at a starting reference position.  The origin is at the contact point of the back wheel.  The The X and x axes are forward along the wheelbase of the bike.  The Z and z axes are vertical.  The Y and y axes lead out to the left from the rear wheel.  The three points on the ground are PR, the contact point of the rear wheel on the ground, PF, the contact point of the front wheel on the ground, and PS, the intersection point of the steering axis with the ground.  The XYZ system is fixed and does not move.  The xyz system moves with the bike but in a manner slightly different than with the dynamic model.  The x axis leads always from PR through PS, not through PF, as it does with the dynamic model.  The z axis remains vertical, so the y axis leads rightward out from PR.
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Figure 2 – ‘ coordinate system of the front wheel

In addition to these two coordinate systems, there’s a third one, x’y’z’, attached to the front wheel.  The origin is at the front contact point, PF.  The z’ axis runs parallel to the steering axis, raked  away from the z axis.  The x’ axis is generally forward, but 90º from the z’ axis.  So the front wheel is in the x’z’ plane.  The y’ axis is perpendicular to the wheel plane, leading out to the left of the wheel.
	The roll motion of the bicycle is shown at right in Figure 3.  A roll motion is defined as an angular deflection from the upright position to the right.  Thus the roll motion is a positive rotation about the x axis.  Note that this is opposite to the direction as defined in the dynamic model of the bicycle.
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Figure 3 – Bicycle undergoing roll


The steering angle is called  in the handling qualities model and is a positive rotation about the steering axis, so a turn to the left.  The yaw angle is called .  This is a positive rotation about the z axis, so also a deviation to the left.  The roll angle (still ) in this model is a roll to the right, not a roll to the left, as it was in the dynamic model.  So it represents a positive angular displacement about the x axis.  Thus in a bike in a roll with a non-zero steering angle , the transformation from the xyz coordinate system to the x’y’z’ coordinate system involves a roll, , about the x axis (so 
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Exercise 5:  Demonstrate that the above transformation is correct.  Also demonstrate that the order of rotations about each axis either does or does not make any difference.

Refer to Figure 2 and notice what happens when you turn the front wheel.  The x axis stays with the plane of the bicycle.  Imagine a leftward or counterclockwise turn of the handlebars.  If you fixed the bicycle so the frame remained upright and along the X and x axes, the front contact point (PF) would move out from the X axis to the right (see Figure 2), since it is aft of the steering axis.  So the bicycle would appear from the top:
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Figure 4 – Effect of trail on steering
	The intersection of the wheel plane and the ground is called the “line of nodes”.  The angle between the x axis and the line of nodes is   (see Figure 4).  Note that the steering angle, , causes , but they are not the same.
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Figure 5 – Effect of trail on steering
	What actually happens however is that PF, the front contact point, does not slide out to the right.  Rather PS moves left and changes the orientation of the x axis (see Figure 5).  The angle between the X and x axes is now , the yaw angle.


We will need to find a unit vector in the direction of the line of nodes.  Since 
[image: image11.wmf]'

ˆ

j

 is perpendicular to the wheel plane and 
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 is vertical, i.e. perpendicular to the ground, the product 
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 is perpendicular to both of these vectors and along the line of nodes, pointing forward.  Using the expression for 
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 extracted from the matrix equation above and calculating this cross product,
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Thus the angle between this unit vector and the x unit vector (
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We will assume that the center of mass stays fixed relative to the frame.  So steering is controlled only through the handlebars, i.e. not through a weight shift.
We will consider the “feel” of the bicycle during a deviation from an upright ( = 0), straight-ahead ( = 0) riding configuration at a constant velocity.  Thus when we start from this position, the velocity of the mass center will be straight-ahead in the x direction.  From this position the bicycle can roll (
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.  Thus the velocity of the mass center is 
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Since initially the center of mass is traveling straight ahead, the initial 
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 is 0.  Thus
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Hence the roll/yaw coupling is dependent on  and h.  For most bicycle geometries, this is the dominant control interaction.  From an upright position, the coupling between roll and yaw depends only on the horizontal location and the height of the center of mass relative to the rear wheel contact point.  For a given yaw velocity (i.e turning motion), a high mass center will reduce the roll velocity and a forward c.g. position will increase the roll velocity.
If the bicycle starts upright, 
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.  A positive 
[image: image26.wmf]f

&

 will result from a positive steering angle, , or a turn to the left.  Note that this is accompanied by a positive roll velocity, 
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, to the right.  Thus a leftward yaw velocity and an opposite rightward roll velocity are consistent.  To go right, the rider steers to the left from upright, falls (rolls) to the right.  Then the bicycle steers up under the roll.  Wilbur Wright knew this intuitively.  It’s also known to motorcycle riders.
	Though from upright the bicycle continues to move in its previous forward direction, with a turn of the handlebars, the front wheel is deflected into the new direction given by the handlebars.  As can be seen from the front-wheel velocity diagram in Figure 6
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Figure 6 – Velocity diagram for front wheel


Also by referring to Figures 4 and 5, you can see that this velocity can also be regarded as the yaw velocity times the wheelbase:
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or
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The previously developed expression for tan  can be simplified for small  and an upright bike ( = 0):
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We are interested in how the roll velocity depends on the steering angle :
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We call this the yaw authority.  It represents how roll velocity depends on steering angle from an upright, straight-ahead ride configuration.

Likewise,
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so
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and we call this the roll authority.  We might want to look at the change in roll velocity with respect to movement of the handlebars at their grip points, i.e. at Rh out from the center of the roll axis.  This is similar to what is done with airplanes.  A plane controlled with a control stick has a certain roll velocity associated with a sideways deflection of the stick.  This sensitivity or authority, as it is called here, characterizes the feel of the airplane from the pilot’s standpoint.  With this movement included, the (almost) linear distance the handlebar grips move is included:
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And we call KC the control authority.  Thus
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We can increase the control authority by

1) reducing the wheel base (reducing A)

2) reducing the height of the center of mass (reducing h)

3) moving the center of mass forward (B increases)

4) making the head tube more vertical (reducing )
5) reducing the length of the handlebars (reducing Rh)
Of course we may not want to increase the control authority.  For example a bicycle with handlebars that are too short might be too “twitchy”.  A small movement at the grips can have a big effect on the roll velocity.  So to make the bicycle less twitchy and more gentle to control, we might actually want longer handlebars.  Very similar considerations might come into play in improving the feel of an airplane.  
Table 1 – 
Comparison of yaw and roll authority for a safety (regular) bicycle and a long wheelbase (LWB) recumbent (linear distances in meters)
	Bicycle
	A
	B
	h
	
	Yaw
	Roll

	Safety
	1.0
	0.4
	1.2
	18
	0.95 v
	0.32 v

	LWB
	1.8
	0.3
	0.6
	10
	0.55 v
	0.27 v


Table 1 shows a comparison of the yaw authority and the roll authority of two different bicycles, a normal or safety bicycle and a long wheelbase recumbent.  Recall that a long wheelbase recumbent has the front wheel forward of the crank.  From the numbers calculated for yaw and roll authorities, one can see that in roll, the two bicycles are similar.  This means that with both bicycles moving at the same speed, a given movement of the same radius handlebars will result in a similar roll velocity.  In yaw, however, the bicycles behave quite differently.  The safety bike will yaw at almost double the yaw velocity as the long wheelbase recumbent for a given handlebar input movement.  

	Bicycle
	A
	B
	h
	
	Yaw
	Roll

	SWB
	0.9
	0.3
	0.6
	10
	1.1 v
	0.55 v


Table 2 shows the authorities for a short wheelbase recumbent (the crank is cantilevered out on a support forward of the front wheel).  Now the yaw response is similar to that of the safety bicycle.  But the roll response is also much higher.  This means that the bicycle will be “twitchy”, that is hard to control at high speeds.
We can redesign the short wheelbase bicycle as shown in Table 3.

	Bicycle
	A
	B
	h
	
	Yaw
	Roll

	SWB/v2
	0.9
	0.25
	0.7
	30
	0.96 v
	0.34 v


Here the center of mass has been moved slightly aft, its height has been slightly raised, but the big difference is that the steering angle has been increased to 30º.  Now both authorities are very similar to that of the safety bike, and the bike has the “feel” of a normal safety bike.  This could be a big advantage is trying to market such a bicycle, because many customers decide whether or not to buy a bicycle based upon a test ride, that is they do not commit to learning to ride a bicycle with a very different feel before they decide whether or not to buy it.
Force/Moment Analysis
The foregoing discusses displacement of the handlebars and the roll and yaw velocities that causes.  Also important to a rider is the “force feedback” he or she feels.  This is the resisting moment felt when putting in input commands to the handlebars.  It is well know in the field of aeronautics that the resistance force a pilot feels on a stick or on rudder pedals is very important in manually flying the airplane.

To determine the force and moment felt at the handlebars, we will sum moments about the x, y, and z axes.  We will do this with the bicycle riding initially upright and straight ahead ( 0 = 0 and  0 = 0).  The bike will roll and begin yawing.  Thus the acceleration of the center of mass will be a tangential roll acceleration and a normal yaw acceleration.  We will ignore the tangential yaw acceleration (the 
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 term), since it will tend to be small.  Thus the acceleration of the center of mass will be
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where  is the instantaneous radius of curvature of the bike path.  Since 
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With the front wheel turned but the bike still upright, there is only one force acting that does not pass through the x axis, the normal force of the front tire (see Figure 4 and Figure 7 below).  This normal force is 
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where m is the total mass of the bike and rider.  To get the moment of this force about the x axis, we need the moment arm from the x axis.  Figure 7 shows the relevant geometry.  Thus the moment arm is T sin 
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Figure 7 – Moment arm of NF
But
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With small , , and , 
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So the moment of the vertical force at the front wheel patch about the x axis is
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T can be found from the front-wheel geometry (see Figure 4).
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Exercise 6:  Derive this relationship.

We must also concern ourselves with the change in angular momentum (
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) of the wheels.  For both wheels
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where mW is the mass of each wheel and R is their radius.  To change the direction of the angular momentum, a moment must be exerted on the wheels by the bike:
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This would be the total moment on the wheels.

In applying moment equilibrium about the x axis, we must also include the mass moment of inertia of the bike and rider about the x axis.  This is calculated in two parts.  The mass moment of inertia of the bike and rider about a centroidal axis parallel to the x axis is found experimentally.  Then the parallel axis theorem is used to get the mass moment of inertia about the roll (x) axis.  We express the centroidal mass moment of inertia using the radius of gyration about an x-parallel axis through the centroid:
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We put these two different contributions together, 
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 and 
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.  Then we include the two mass x accelerations of the center of mass and the mass moment of inertia and angular acceleration of the rider/bike about the x axis.  Then we sum moments about the roll (x) axis, we get
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Similarly, if we take moments about the yaw (z) axis, 
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Where Ff is the front wheel sideways friction force.

Exercise 7:  Derive these two moment equations.  Show all steps clearly.

Force Feedback at Handlebars
First we need the total force at the front wheel contact point.  Figure 8 shows the relevant geometry.
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Figure 8 – Friction force on front tire
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For small  and  and from a previously developed relationship, 

sin  ≈  cos 
cos  ≈ 1
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If  is very small, and it usually is, the x component will also be very small, so we can simplify.
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Figure 9 – Moment arm of friction force on front tire
	We need the torque from this force about the steering axis.  Figure 9 shows the moment arm of the force on the front tire with the above assumptions made.  

A vector from the steering axis to the contact point is


[image: image62.wmf]]

ˆ

)

(

ˆ

)

(

ˆ

[

'

ˆ

cos

/

/

k

s

s

c

s

c

j

c

s

s

s

c

i

c

c

Tc

r

i

T

r

SA

PF

SA

PF

q

d

q

b

d

q

d

q

b

d

b

d

b

b

-

+

+

+

-

=

-

=

r

r


From the upright position ( = 0) and  small,
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So the moment about the steering axis of the friction force on the front tire is
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Although Figure 2 shows the front wheel coordinate system with the bicycle upright, with a non-zero steering angle and a rolled bicycle, the wheel plane (x’-z’) might not be vertical.  The friction force is always horizontal on the ground.  Thus the friction force’s moment as calculated above have a component perpendicular to the steering axis.  This component does not contribute to the moment around the steering axis that the rider feels on the handlebars, rather it tends to bend the bike components on the steering axis.  The component of the moment about the steering axis, that is the component that is felt by the rider as force on the handlebar grips is extracted from the above moment by taking the dot product of the moment and 
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or with small  and 
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So in this case,
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But we already have an expression for Ff (see page 10).  If we substitute this in,
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This is the moment felt about the steering axis when the handlebars are turned through an angle .  Thus we have a moment felt about the steering axis if we input an angular displacement about this axis.  This moment expression can be rewritten
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where
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We can also express the relationship between MFf-SA and  as
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where
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k  is the torsional spring constant  It is as if the bicycle steering axis had a torsional spring on it that produces resistance to rotation as we turn the handlebars.  Recall that what you’ve normally encountered in your engineering studies are springs that obey Hooke’s Law:
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The second is a torsional spring.  The greater  is, the greater the moment felt as resistance to rotation.  In our case, MFf-SA does depend on , and the relationship is linear in .  But MFf-SA depends also on many other variables, including the bike’s speed, the wheelbase, the head-tube angle, etc.  So the relationship and the behavior is much more complicated than a normal torsional spring that obeys Hooke’s Law.  Still, it is not completely different.  And we can make useful sense out of the relationship expressed above.  For example, the bike’s speed plays a significant role in the steering spring rate.  The effect of an angular displacement of the handlebars is magnified at higher speeds by the square of the speed.  Such observations can be made by considering the expressions above.
An important consideration is the variation of k with bike speed, v.  Notice that at v = 0 k  has a positive value, K1.  As the velocity increases, K2 v2 starts to work to decrease the value of k  At higher speeds, k  becomes actually negative.  This sign relationship is very important for bicycle stability.  A positive  is a turn to the left, and a positive moment felt by the rider about the steering axis is a tendency of the bike to turn further to the left.  Thus a positive k  means that the handlebar deflection produces a moment that tends to make the handlebars turn more to the right, an unstable situation.  This happens at low speeds.  Thus the rider must provide a counter moment, when k  is positive, to hold the handlebars from turning further in the direction turned due to the moment of the front tire’s friction force.  
Notice that the variation of k  with speed is parabolic.  Such a relationship is shown in Figure  10.
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Figure 10 – Steering spring rate vs. velocity

Notice that K1 shifts the parabola vertically.  Also notice that there is a critical speed, 
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 where the moment due to the front tire’s friction force is 0.  This critical speed, the boundary speed between unstable and stable steering, can be lowered by reducing K1.  It is worth considering whether or not K1 can be reduced to 0 to eliminate any slow speed range of instability.  Either
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If  is small, the second condition becomes
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Fork Flop
The foregoing discussion relates torque about the steering axis with steering angle, .  This moment is that caused by the sideways frictional force on the front tire of the bike. Most bikes also develop a handlebar torque from the roll angle of the bike.  This moment is that of the vertical force acting about the steering axis.

Assume that the yaw angle, , is 0, and the bike begins to roll.  The vertical force on the front wheel is 
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.  The moment arm about the steering axis was previously developed for small :
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The moment of this vertical force is thus
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As before, we can extract the component of this moment that represents a torque about the steering axis by dotting it with 
[image: image83.wmf]'

ˆ

k

 (see pages 10-11 above):
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Thus we have arrived at a similar point considering the vertical force on the front tire as we did when considering the sideways or frictional force on the front tire.  But here the spring constant depends simply on the geometry of the bike, i.e it does not depend on bike speed, as k does.
If we include the handlebar radius, Rh, we define the fork flop spring constant, kFF
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Thus we have gotten the angular spring constant, k, in N-m/deg and divided by the moment arm that extends to the end of the handlebars.  This results in a sort of linear spring constant in N/deg.  This is the force felt at the end of the handlebars/angle of roll.  This force is that felt at the handlebars due to roll.
I don’t understand the following statements, but they appear in the notes I followed.  I think they result from experimentation by Patterson.  He found that riders can tolerate differing values for fork flop stiffness, depending on their sitting position.
The minimum value of kFF depends on seat height.  The minimum value is less as the c.g. rises.  For a typical recumbent kFF-min ≈ 200 N/rad.  For a typical safety bike kFF-min ≈ 50 N/rad.  Too much fork flop stiffness generates too much handlebar force and makes the bike difficult to handle.  A maximum value arrived at empirically is kFF-max ≈ 225 N/rad.  This allows us to calculate the maximum trail, Tmax.

Control Sensitivity

The rider’s intention is only input through the handlebars.  This intention can be either displacement or force or a combination of the two.  Thus, loosely, we can say

intention = displacement + force

We will artificially define intention I

[image: image86.wmf]h

SA

h

R

M

K

R

I

3

+

=

d


K3 is a proportionality constant with units of distance/force.  Empirically determined, 
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We are interested in the roll velocity as a function of rider intention, i.e. control authority:
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A special case is no trail (T = 0).  With no trail, there is no steering torque about the steering axis because of the forces on the front wheel.  So MSA = 0.  In this case
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 EMBED Equation.3  [image: image90.wmf]
So control authority is a linear function of bike velocity as shown in Figure 11.
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Figure 11 – Control authority vs. velocity for a bike with no trail

If a bike is under-controlled, it is sluggish and does not respond quickly to the rider’s intention.  If the bike is over-controlled, it is twitchy and responds too quickly to the rider’s intention.  A large factor in this feel is played by B/A, so the percentage of the wheelbase that the center of gravity is forward of the back wheel.
Short wheelbase bikes (SWB) have problems with high-speed stability.  B/A is large, thus K is bigger.  Long wheelbase bikes have normally a small B/A, so K is lower.  Figure 12 illustrates these tendencies.
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Figure 12 – Control authority characteristics of a short wheelbase bike and a long wheelbase bike

General Case  
Over-controlled ≈ 8º/sec of frame roll rate/ 1 cm of control motion

Take the general authority equation and divide the numerator and denominator by  :
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But
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with 
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so 
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In this expression the 
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 term in the denominator has its sign reversed because this is the equal and opposite moment exerted on the handlebars by the rider.  Also K2 can include gyroscopic effects.
Approximation  Neglect K1.  Take the derivative of 
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 with respect to v and set it to zero to find the maximum of 
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 with respect to v.  
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For minimum end of sensitivity range, set this maximum = 12.
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Set K3 = 1/1500.  Solve for T.
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Touring bike (12 rad/sec/m)
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Criterium bike (18 rad/sec/m)

Let 
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How do we use all this?  Write a computer program to predict the behavior based on the geometry of the bike.  

(See lab handout covering the Patterson Control Model.)
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