Solution of Typical mck-System ODE via Matlab
Last changed on 11 June 2007
A typical, unforced mk-system has the ODE:
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This can be algebraically manipulated by solving for the highest order derivative:
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Now we introduce two new (state) variables, x1 = x and x2 = dx1/dt = dx/dt.  So the second-order equation can be rewritten as two first-order equations:
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This is the state-space representation of the second order ODE.  Note that the system has two states, and the second-order ODE has been converted into a system of first-order ODEs.  In this form the system can be input into a Matlab ODE solver to get the motion, i.e. x = x(t).  Here’s how.
The Matlab solution requires two steps:

1. One writes a Matlab function in an m-file

2. One invokes or calls this function from within Matlab.

The function that contains the first-order ODEs should have a meaningful name, like mckSystem, for example.  Then the m-file would be named mckSystem.m.  This file would contain:

function dx = mckSystem(t,x)

m = 3.0;

c = 6.93;

k = 100.0; 

dx(1,1) = x(2);

dx(2,1) = –(c/m)*x(2) - (k/m)*x(1);

This describes the system and includes specific values of m, c, and k.  To invoke this function from Matlab, one has to first define two things:
1. The time that the resulting simulation should span

2. The initial conditions for x1 and x2, i.e. x(0) and v(0)

Once these are defined, the user can invoke the function from the Matlab command window to produce the simulation of the motion.

tspan = [0,10];

x0 = [1.5,0];

[t,x] = ode45( ‘mckSystem’, tspan, x0 );

After these commands are issued, the results are stored in the vectors t and x.  t is an array of time instances.  x is an array of locations (x(*,1)) and velocities (x(*,2)) corresponding to each time instance.  So, for example, if t(28) = 0.73 and x(28,1) = -0.043, that means that at t = 0.73 sec, the mass is located at -0.043 units.  The units are inches, millimeters, or whatever uinits you decide to use in the problem.

Though the solution has been acquired, you now need to display it.  For this you use the Matlab plot command within the Matlab command window.  This command has many aspects and features, which you can read about in the Matlab on-line help.  But a typical way to issue this would be, in this case
plot(t,x(:,1))

grid

xlabel(‘Time (sec)’)

ylabel(‘Displacement (in)’)

title( ‘Free vibration with initial displacement’)

This will plot the displacement vs. time, put a grid on the plot, label both axes, and title the graph.

You may also not want to put the assignment statements for m, c, and k in mckSystem.m.  You may actually want to change these values in the Matlab command window quickly and run test scenarios as part of a trial-and-error solution.  In this case, you would remove

m = 3.0;

c = 6.93;

k = 100.0; 

from the m-file and issue these commands directly in the Matlab command window.  But you need to explicitly make these variables and their values known inside the m-file.  To do this use the Matlab global command.  You need to issue this twice, once by hand in the Matlab command window and it needs also to be placed in mckSystem.m.  The format is
global m c k

With this command issued at the Matlab command prompt and also placed in the mckSystem.m file, m, c, and k are known both to the Matlab workspace and inside the function.

Suggested exercises:

1.
Use a mass of 1 kg with no damping.  You are given the task of choosing a k so that the mass would oscillate with a frequency of n = 1 rad/sec.  Give the mass an initial displacement of 1 cm with no initial velocity.  Confirm that the mass oscillates at this frequency, using the plot.  On the plot confirm that the initial conditions are correct.  What values of x(,) contain these initial conditions?  Type their names into the Matlab command window and confirm their values.

2.
Redo one except use an initial displacement of -1 cm.

3.
Increase the mass by a factor of four.  Redo 1.  What should the frequency be now?  With this new mass, now change the stiffness to return to an oscillation frequency of 1 rad/sec.
4. 
Go back to the original system.  Add damping until the second upswing reaches a value of ¼ of the initial amplitude—in this case 0.25 cm.  Also play around with the damping to make sure it works.  If you increase the damping, does the ocillating diminish?  Try to experimentally (i.e. through trial and error) find critical damping, i.e. the value of damping that just causes the oscillations to stop.  Confirm this value with the analytically determined critical damping.
More exercises:

5.
There is an automobile with a sprung mass of 6000 kg.  Use the quarter-car model of the car with no damping to design a spring that gives a natural frequency of 1 Hz.  After doing this, add damping to give 1/8th cycle damping (the oscillations decrease in amplitude to 1/8th of their previous value with each oscillation).

6.
Hop model of car.  This is an mck-model of the wheel.  The car mass is considered infinite relative to that of the wheel:
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kSA and cSA are properties of the shock absorber and kt is the spring stiffness of the tire.  mw is the mass of the wheel.  The tire damping is very light, so is neglected.  Make the wheel mass 1/8th of the quarter-car mass.  Make kt four times as stiff as the shock absorber spring.  See what happens to the wheel if the car runs over a sudden bump (impulse load).  This can be modeled as causing an instantaneous, initial upward velocity of 1 m/sec with no initial displacement.
7.
Now see what happens with a wheel imbalance.  Use this same hop model to add an imbalance on the wheel of 50 gm at 10 cm.  Recall that a rotating imbalance causes a driving force of 
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Where m0 is the imbalance, r is the frequency of rotation (dependent on car speed) and e is the eccentricity of the imbalance.  Let the radius of the wheel+tire be 25 cm.  Drive the car at various speeds to see what effect the imbalance has.  Note that you will have to change mckSystem.m and add the above forcing function where it belongs in this file.  You might want to make from mckSystem.m a new file called wheelImbalance.m  Note that this m-file can contain, besides functions of states, functions of time.  Figure out the natural frequency of the wheel system, drive the car at that speed and see that the maximum amplitude occurs here or near here.  What is the maximum amplitude of vibration?  At what car speed does this occur?

8.
Make a two-mass, quarter-car model of the car/wheel combination:
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To do this you will need to have four states, two with xc and two with xw.  Put all of these in one file, twoMassMckSystem.m.  Try the impulse load mentioned in 6 and the rotating imbalance mentioned in 7.  Check the effect no only on the wheel movement but also on the car movement, i.e. what the passengers would feel.  The frequency of oscillation and the amplitude of oscillation are what are important for passenger comfort.  Plot both car and wheel movements, either together on the same plot or on separate plots if necessary to see both movements.  You will need to figure out which states correspond to these movements in order to plot them properly.

9.
Use this model with no impulse load and no rotating imbalance.  Run the car at various speeds over a “washboard” road with a peak-to-peak height difference of 2 cm and a peak-to-peak length of 0.75 m.  Drive the car at various (reasonable) speeds to see what speed has the worst effect on passenger comfort.
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