Solving ODE for mk System
The free body diagram and the mass acceleration diagram (collectively Newton's second law) lead us to the ordinary differential equation (ODE) for an unforced mk system:
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It is customary to divide through by m: 
 [image: image2.png]frix=0




Generally what you are after is the motion of the mass, x = x(t).  You learned how to solve for this when you studied differential equations.  But we shall show a common solution technique here.  Basically this solution technique is to guess at the form of a solution and then verify that it is correct.  We start by assuming that the motion is sinusoidal:
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Note that this is generic sinusoidal motion in that:

1) The constant A allows us to adjust the amplitude of the motion
2) We can change the frequency of the motion by adjusting n
3) The sinusoid can start off rising from 0 (by letting  = 0) or we can have the sine start off from any value (between ±A) by adjusting 
I. With the assumed solution format, now get dx/dt and d2x/dt2:
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II Substitute these back into the ODE:
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Then simplify:
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Now consider this result.  There are three ways to make it true, but it does need to be true for all t.

1) A = 0.  This is one solution.  If the initial conditions (x0 and v0) both equal 0, this is the result.  There is no motion.  But if either x0 or v0 is non-zero, then this solution won't work.
2) sin(nt+)=0.  It is true that this equation hold for some values for t, but we need it to hold for all values of t.  Therefore, we cannot use this term to make the solution true.
3) (k/m - n2) = 0. Using this factor in the above equation to make it true does work and does allow motion.  n is known as the natural frequency of the system:
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So we have assumed a solution for x(t) that will make the ODE true.  But we still have a problem.  We do not know what values to use for A and for .  We still, however, have not used all of our information.  We will know what x0 and v0 are.  We have to know.  The system will respond differently depending upon what its condition is at t=0.  So without that information, we would not be able to say what the mass's motion would be.

III Use x0 and v0 to evaluate A and :
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Solve both equations for A and then eliminate A from the two equations:
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Use the identity sin2 + cos2 = 1 to get an expression for A:
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This gives us expressions for A and  in terms of the initial conditions, which must be given in order for you to be able to solve the problem.  If we substitute these back into the assumed solution for x(t):
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This is an important expression for a single-degree-of-freedom (SDOF) mk system.  With the system parameters (m and k) and the initial conditions (x0 and y0), we know what the motion will be for all t.  

Though you have to memorize very few things for this class, this development is so fundamental that you should learn it by heart.  Practice developing it on your own, all the way through, until you can do it without referring to your notes.

