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Part III – Modeling of Physical System Dynamics using Simulink . . .

IIIa.  Modeling of Physical System Dynamics using Simulink and the Art of Troubleshooting and Tuning

Prof. Frank Owen – California Polytechnic State University

A.  Overview

Mechatronic systems use in the automotive field has seen widespread growth over the past couple of decades.  Microprocessors have become cheaper, more capable, and more robust.  A car from the 1980s had few, if any, microprocessors in it.  Today’s automobiles contain 20 or more microprocessors that manage individual tasks or orchestrate the overall well being and performance of the vehicle.

This part of the course is about modeling physical systems, specifically automotive suspension systems, using Simulink.  Simulink is widely used in industry.  So the experience you gain just in this part of the course will give you a familiarity with Simulink that will help you in later university courses and when you get out into industry.

We start out slow, first with the fundamentals, and then with a simple model of a quarter car.  We investigate several things using this simple model.  Then we look at active suspensions, how they work, how to adapt the simple model to include an actuator.

B.  Background

Single-DOF System (mck System)

An mck system is shown in Figure 1.  The FBD/MAD is shown also.
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Figure 1 – Single-DOF System

Thus the equation of motion is 
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Order of a Physical System
The order of a physical system is the difference between the degree of differentiation of the highest order derivative and the lowest order derivative in an equation of motion.  In the above single-DOF system, 
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 has differentiation degree 2 while 
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 has differentiation order 0.  So the system is second order.
Block Diagrams

Since this section focuses on modeling in Simulink, block diagrams are important.  Block diagrams represent equations.  In fact they might be looked at as simply a graphical way to write equations.  A block diagram is made up primarily of blocks and summing junctions.  Figure 2 shows the basic functionality of a block diagram.  Note that the block implies multiplication and the summing junction implies addition and subtraction.
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Figure 2 – Basic Functions in a Block Diagram

In a block diagram, the input and the output are called signals and the block is called a transfer function.  The transfer function “transfers” the input to the output.  As is implied by the first diagram in Figure 2, the block contents are usually polynomials or ratios of polynomials in the Laplace s domain.  For example, a typical transfer function might be 
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For the block structure, the focus is on the output and the input.  In fact the transfer function is nothing more than the output over the input.

The Laplace version of integration (∫) is 1/s.  Thus an integration block is written as shown in Figure 3.
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Figure 3 – Integration Block

Integration is an important operation in our use of Simulink.  Recall that s X(s) is 
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.  Thus in the operation shown in Figure 3, 
[image: image9.wmf]x

&

 is integrated up into x (zero initial conditions).  Note that the multiplication of the input by the block does this too.  Thus in the Laplace domain, integrations are just algebraic operations.

The advertised disadvantage in using Laplace transforms is that the inverse Laplace operation—i.e. converting a solution in the Laplace domain back into the time domain—is very difficult. This may have been true in the days before today’s simulation tools.  Simulink does this conversion numerically and automatically.  Thus the response of systems modeled in the Laplace domain is automatically plotted in the time domain by Simulink.
Exercise 1 
Create a Simulink model with a step input feeding an integration block.  Initially set the step value to 0 and the step time to 1 second.  Plot the result out on a scope.  This is the “do nothing” case and is always the first case you should run.  The input to the integration block is 0, so the output should be 0.  Once you have ascertained that the integration block output is 0 when its input is always 0, change the step value to 5.  Rerun the simulation.  What would you expect to happen?  Does it?  Now install a gain in the system before the integration block.  Give it a value of 2.  Set up a scope between the gain block and the integration block.  Rerun the simulation.  Look at the intermediate output and the final output.  Are they performing as expected?

You will find that once you become familiar with block diagrams you begin to think more graphically and intuitively about the system you are modeling.  Every signal has some meaning, and you organize your thoughts about a system differently than when you analyze it analytically.
A note regarding the order of a system:  the order of the system is the number of integrators found in the forward path of the simulation.

To model an mck system in Simulink, follow this procedure.  First, solve for the system’s equation of motion for the highest order derivative, 
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 in this case:
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Since we have 
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and 
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, we will need the integration backbone as shown in Figure 4.
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Figure 4 – Integration Backbone for mck System

Note that we need 
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 and kz.  We already have 
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 and z.  So we build the model as shown in Figure 5. 
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Figure 5 – Getting Damping and Spring Forces

To form the part of the right side of the system equation that is in parentheses, we use a summing junction, as shown in Figure 6.  
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Figure 6 – Forces on Mass

All we need to do to complete the model is to note that dividing this sum by 
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 gives us 
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again.  Figure 7 shows the completed model.
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Figure 7 – Complete Simulink Model of mck System
Some notes on this model are appropriate.  We could model the differential equation with the model shown in Figure 8.
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Figure 8 – Alternative mck System Model

This block diagram faithfully represents the system equation prior to manipulating it as directed above.  But even though the equation representation is correct, the causality is not correct.  It is not the acceleration that causes the force but rather the force that causes the acceleration.  The point is that the causality of the problem is something that the system analyst must impose on the block diagram, an extra input, so to speak.  
Also, note that Simulink allows the user to input a complete transfer function.  So the Simulink model could be input as shown in Figure 9.
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Figure 9 – Transfer Function Block Model of mck System

Though the output would be the same that you would get using the system shown in Figure 7, you have no access to the internal signals.  Thus if you want to plot 
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 or Fc or Fk, you would not be able to.  For the purposes of troubleshooting a model and getting it to match a real system, detailed modeling as shown in Figure 7 is needed.
Feedback Control Loop Morphology

The standard feedback control loop has the following format:
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Figure 10 – Standard Control Loop Morphology

The loop has two paths, a feedforward path and a feedback path.  In the feedforward path there is a controller (GC), an actuator (GA), and the “plant” (GP), the actual system to be controlled.  The feedback path contains a sensor (H).  

The feedback path is how a physical quantity is controlled.  Overall the way the loop works is that a certain physical parameter, say z, a position, is to be maintained at a desired place.  The desired place is input into the loop as R.  The actual position is C.  Note that the sensor sense C, the actual position, and feeds this quantity back to the beginning of the loop where it is compared with the desired position, R.  E is the error, but not in the sense that it is a mistake.  Rather the error is a measurement of how much the actual position deviates from the desired position.  I like to say that R is what you want and C is what you’ve got.  If what you’ve got is not anywhere near what you want, then E will be large.

The controller (GC) works from the error.  It produces a signal that goes to an actuator (GA), which is used to jerk the plant (GP) back into line.  Remember that blocks are multiplicative.  So if you have a large error, meaning the desired and actual values are out of whack, the controller will see this and send a large command signal (U) to the actuator, which will then send a large forcing signal (F) to the plant to jerk it back into line.
If the error is small, then everything will happen more gently, i.e. the signals going down the feedforward path will be small.  Actuator will nudge the plant back into line.  If what you want and what you’ve got are the same, then the error will be 0 and no force will be imposed on the plant.

Notice that there is a summing block between the actuator and the plant.  This is where a disturbance often is input into the plant.  This is what upsets the actual value coming out of the loop and what necessitates action on the controller’s part.
First Order System Step Response

A first order system transfer function has the form 
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Thus two system parameters are needed to describe a first order system, Kss, the system’s steady state gain, and T, the system’s time constant.  Kss describes how the system magnifies its input in the steady state.  T describes how quickly the system reacts.  T is the time it takes the system step response to rise to 63.2% of its final value.  After three or four time constants (t = 3*T or 4*T), the response level is effectively at its final value.  Figure 11 shows a step and the response.
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Figure 11 – First Order System Response
Thus Kss = 0.75 and T = 0.002 sec.  From this response alone we can deduce G(s), the system’s transfer function:
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The characteristic equation of a system is generated by taking the numerator of the transfer function and setting it equal to 0.  The system roots (also called poles) are the values of s that make the characteristic equation true.  Thus


[image: image30.wmf]500

0

1

002

.

0

-

=

=

+

s

s


Thus this system has one real root at s = -500.  A first order system should have one root.  The root must be real because complex roots come in complex conjugate pairs.  A system must have complex roots to be oscillatory.  So a first order system never has an oscillatory response.

Second Order System Step Response

A second order system has the following form:
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Kss is the system’s steady state gain, just as above.   is the damping ratio.  n is the system’s natural frequency.  The system’s characteristic equation is given by 
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So the system’s roots are given by the quadratic formula:
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Notice that if  < 1, the system is said to be underdamped.  Then there are two complex conjugate roots.  In this case, the system step response will be oscillatory.  Figure 12 shows the step response of an underdamped second order system.
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Figure 12 – Second Order System Step Response
Note that Kss is again 0.75.  Tp is the peak time, the time it takes the system to rise to its first peak.  In this case it can be read from the graph as about 1.5 msec.  Also note that the system response first rises to a value of 25 or so prior to oscillating around the final steady state value of 15.  Thus there is an overshoot of 10 or a percent overshoot (%OS) of 66.67% (10/15).  With these values from the graph, we can calculate  and n.
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Thus step responses of first and second order systems are useful because the responses can be deciphered to yield the transfer functions for these systems.  Another relationship that is handy is the calculation of settling time from n and :
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Another useful relationship is the inverse of the /%OS relationship given above:
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Two-DOF Systems

We will need a two-DOF system to model a car’s suspension.  A two-DOF mck system is shown in Figure 13.
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Figure 13 – Two-DOF System

What is important to note is that each mass (DOF) has its own motion, and the force in the spring and damper between the two masses depends on the relative deflection of the masses, i.e. on z2 – z1, or the masses’ relative velocities (for the damper).  The motion of the two masses is coupled because the motion of either is affected by the motion of the other.
Natural Response

If no external forces act on a system, it will vibrate naturally.  The natural vibration is typically induced by deflecting a mass initially and then letting it go.  You may have had experience with this when checking the shock absorbers on a car.  The conventional way of doing this is pressing down on the car and then letting it go.  If the shock absorber no longer functions, the car will bounce up and down, i.e. the suspension’s damping is too light, it has complex poles, so it will oscillate.
Forced Response

The natural vibration of a system is a characteristic of the system.  If an external force is applied to a system, such as a sinusoidal force, the response will be an interaction between the system’s vibrational properties and the external force’s characteristics.  Where this is especially important is with an underdamped system forced at or near its natural frequency.  This is characterized by a vigorous response when the damping is low and is called resonance.  

As we shall see, often a system is subjected to a range of input frequencies (forces or displacements).  For example with a car, as the car speeds up, the forces and deflections imposed on it by the road or by wheel rotation increase in frequency.  Very often the goal from a design standpoint is to design the natural frequency of a system (e.g. the suspension system) so that it is not near any normal operating frequency.
C.  Suspension Models of the Automobile

Basics 
Automotive suspensions are designed for ride and handling.  Ride focuses on passenger comfort, specifically reducing vibration of the car by providing isolation of the passenger compartment from road and wheel inputs.  Handling deals with directional control, e.g. how well the vehicle corners, how stable it is when sudden steering inputs are input to avoid obstacles, etc.  In the real world, ride and handling are coupled, i.e. one affects the other.  In the initial stage of car suspension design, this coupling is ignored.  For our purposes here, we will consider ride and ignore handling altogether.
A quarter-car model is initially used for suspension design, that is only one wheel and a quarter of the car make up the model.  The interaction between wheels (pitching and rolling motion) is not considered.
Models for Isolation  
Two-DOF Model

The two-DOF model shown in Figure 13 is the basic model initially used for automotive suspension design.  m1 becomes mc, the car mass.  m2 becomes mw, the wheel mass.  The spring and damper between the two masses are the suspension spring and shock absorber.  The spring and damper between the lower mass and the ground are the tire spring and damper.  Thus
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Figure 14 – Quarter-Car, Two-DOF Model

Since the system has two degrees of freedom, it will have two natural frequencies.  The lowest natural frequency will be the ride frequency.  The higher natural frequency is the wheel hop frequency.  We will be concerned with both in designing the car’s suspension.  We will not start with the two-DOF model but will start with a simplified one-DOF model.
Ride Model

In the ride model, the mass of the wheel is ignored and the damping of the tire is taken to be 0.  Thus the ride model is as shown in Figure 15.
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Figure 15 – Ride Model of Quarter Car
The normal walking gait of a human is about 1 Hz.  The human heart beats at about 1 Hz.  So 1 Hz is a normal frequency of oscillation that we humans are comfortable with.
Exercise 2

Given a quarter car mass of 500 kg, design the spring rate of the suspension spring to give a natural frequency of 1 Hz.  Assume the damping to be 0 as a start.  Also assume that the suspension spring rate, kc, is significantly lower than the tire spring constant, kw.
Once you have calculated the suspension spring rate, build a Simulink model of the car.  Leave a place for a force, but set it to zero.  The first check on your model is the “do nothing” check described above.  Once you have determined that your model will stay still, use the initial conditions on the 
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-to-z integrator to input an initial downward deflection of 3 cm.  Look at the output and see that it looks reasonable.  What is the initial deflection shown?  Between what two values does the car oscillate?  What is the car’s natural frequency of vibration?  What is the initial static deflection of the spring?
Most shock absorbers in use today have damping coefficients of 0.2-0.4.  Copy your model and install a damper in this range into the new model.  Run the new model and compare the result with the undamped case.  Recall that the damped frequency of oscillation is less than the natural frequency (
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).  Check the %OS and the Tp.  What are they?  Are they what they should be?  Check that after Ts the oscillations are mostly gone.
Road loads are loads transmitted from road irregularities through the wheel into the car chassis.  We will look at step loads, as would be encountered if the car ran up on a curb and steady road loads like a car would see on a washboard road.  Note that road irregularities are input to the model as ground displacements.  Thus you will need to introduce the variables 
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Exercise 3

Copy the model and then make the road load input possible.  Check the “do nothing” case on the road-load model.  Then have the car run up on a curb that is 8 cm high.  Check the final value of the car location.  Does it make sense?  What is the overshoot?  This is important to observe so that you can design the travel of the suspension.

Change your input somewhat to have the car run over a curb that is 8 cm high and 6 cm wide.  Let the car be traveling at 10 kph.  Hint:  get the loading of zg worked out before you hook it up to the model.  Look at the final value of z.  Does it make sense?  Can you see the individual up and down excitations in the car displacements?  Why or why not?
Now input a washboard road into the model.  Let the bumps be 2 cm high (amplitude).  Let them be 1 m apart.  Run the car across this road at various speeds.  At what speed would the resulting steady state oscillation amplitude be the greatest?  Confirm that this is so.  Run tests above and below the car’s oscillation frequency.  Check the relative phase of the input ground displacement and the car displacement.  Are these as they should be?
Notice the initial part of the response curve.  Before the curve settles out to the steady state response, there is some additional movement.  This is the transient response of the model.  This is what would happen if you were initially traveling on a smooth road and then ran into an washboard section.  The initial vibration would be a little rougher than the final steady state vibration.
Hop Model

The hop model focuses on the higher natural frequency of the two-DOF system.  Assume that the tire contributes no damping to the system (for now).  Since the car mass is so much greater than the wheel mass, we assume the vehicle mass is infinite.  Figure 16 shows the hop model of the quarter car.
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Figure 16 – Hop Model of Quarter Car
Exercise 4

Let the mass of the wheel assembly be 50 kg.  Let the tire stiffness be 10 times the suspension spring stiffness.  What is the natural frequency of the wheel?  What is the damped frequency of the wheel?  What is  for the wheel?  Once you have calculated these values, build a Simulink hop model and confirm them.
Once source of wheel vibration is wheel imbalance.  The wheel imbalance is, of course, just a rotating imbalance.  The unbalance force is given by 
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where mu is the unbalanced mass and  is the eccentricity of the mass, the distance it is out from the center of the wheel.

Exercise 5

Using the wheel hop model developed in Exercise 4, see what happens with the following imbalance:  30 gm at 40 cm eccentricity.  Use a wheel diameter of 90 cm.  Drive the car at various speeds and investigate the amplitude of vibration at these speeds.  Can you find a way to input the car speed in kph as a model input?  Plot vibration amplitude at various speeds.  At what speed is the vibration worst?
Exercise 6

Now build a full two-DOF model of the car and wheel.  Go back through Exercises 2-5 and perform the same experiments on this model.  Compare the results with this model with those given by the simplified single-DOF ride and hop models.  Plot vertical acceleration of the car and wheel over a range of frequencies that spans the ride and wheel hop frequencies.
Active Suspension

An active suspension is a mechatronic system that replaces the passive elements of the suspension, cc and kc, with an actuator.  Figure 17 shows an active suspension.  The actuator is normally a hydraulic cylinder between the unsprung mass (the wheel) and the sprung mass (the car) that can exert a force to increase or decrease this distance.  It will also have its own stiffness and damping.
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Figure 17 – Active Suspension System
A mechatronic system to implement this active suspension makes the suspension a “smart” suspension.  Smart suspensions are of two basic types—look-ahead systems and systems that work on internal quantities.  Look-ahead active suspensions actually detect obstacles in front of the car and compensate for these obstacles by moving the wheel.  An active system that uses internal variables could work on vertical displacement, velocity, or acceleration.  For example, a logical strategy for an active suspension might be to minimize the accelerations of the vehicle.  Such a system would also have to work within the constraints of the actuator travel.  

Exercise 7
Draw a block diagram of a smart suspension system that uses accelerations as feedback and also works within the constraints of the actuator travel.  Note that here the disturbances felt by the control loop come from ground motion rather than through an external force imposed on the vehicle.
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