Math 241 (Camp)

Conservative Vector Fiel_d: Worksheet

Consider the line integral Cod LA
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F(z,y) = P(z,4) i+ Qz,y) = v’ ¢ + (2zy + 4°) j ‘ 2 X

and C is the upper semi-circle, (z — 1)% + (y—1P2=1,y>1, from (0,1} to (2,1). We
could parameterize C' and calculate the line integral directly, but instead we’ll show that
F is conservative and then find 2 different ways to evaluate the line integral.

1. Show that F(z,y) is conservative for all (z,y) € R2,
Le., show that %% == g—f for all (z,y) € R? and invoke the theorem defining con-

servative fields.
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2. The first method uses the existence of a potential for conservative fields and then
invokes the fundamental theorem to evaluate the line integral.

(a) Find a potential function for F; i.e.,find ¢ such that F(z,y) = Ve(z, y) or

in component form (P, Q) = (28 243 A 2 step procedure:
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i. Since P(z,y) = £(z,y), we can let ¢(z,y) = [P(z,y)dz + g(y) where
g(y) is an arbitrary function of i only ~ currently unknown.

ii. To find g(y), since Q(z,y) = %, differentiate the above result and show
that ¢'(y) = Q(z,y) — 3% [[P(z,y)dz] and then integrate with respect
toy. Then ¢ = [ P(z,y) dz + g(y) + C where C is an arbitrary constant.
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(b) The fundamental theorem states that il F is conservative and F = V¢, then

/OF-dr=va¢- dr = 4(0) = 6(a)

where C is a path from r = a to r = b. Use the ¢ found about to evaluate
the given line integral.
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3. If F is conservative then, instead of using the potential for F, we can use the
existence of path independence for C' and move to a path which is easier to pa-
rameterize. Here, we’ll replace C by Cj where C) is the horizontal line from (0, 1)
to (2,1); since F is conservative for all (z,y) € R?,
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(a) Parameterize C ' r X

(b) Use this parameterization io calculate |, o dr directly.
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