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Let 1 < a7 <--- < ap be integers in N. Then we
call L an {aq,...,an} lex-plus-powers ideal if:

1. L is a monomial ideal minimally generated by

x%l,...,m%n,ml,...,ml, and
2. foreacht=1,...,1, T r € Ryeqg(y,) and r > my,
then r € L.

We say that such an ideal L is lex-plus-powers with
respect to A = {a1,...,an}.



L1,X2,xL3,T4,IH

2 2 2
331, L1L2, L1L3, L1L4,TL1L5, 3327 L2XLZy, LDLLy LDLE, 5133

2 2
L3L4, L3L5, 3347 L4x5, £U5

2 2 2 2 2
33:]:_57 LIL2, L1LZ, L1L4, L1LE, L1Lo, L1L2L3, L1L2L4, L1L2L5,

2 2 2 2 2
L1L3, L1X3L4, L1L3LG, L1Ly, L1LAXE, LTy, 37%7 LoL3, Lod4,

2 2 2 2 2
LoXG, LRX 3, LRXILL, LRL3LG, LRL Yy, L2LAXE, LRX g, 33%, L34,

2 2 2 2 2
x3x5,x3x4,x3x4x5,x3x5,x2,x4x5,x4x5,xg

4 2.2 .2 2 2
xl,x?xg,x?w3,x?w4,x%x5,xlxz,x1x2m3,x1w2x4,m1x2x5,

x%x%,x%x3x4,x%m3x5,x%xﬁ,x%x4x5,x%xg,xlx%,xlx%x3,
xlx%x4,xlx%x5,mlxgxg,x1x2w3x4,x1x2x3x5,x1w2xﬁ,
w1x2x4x5,xlxgx%,xlxg,x1x§x4,x1x§x5,x1x3x£,
x1x3m4x5,w1w3m§,xlwi,x1x£m5,x1m4x§,x1x§,x3,x3x3,
x%x4,x%x5,x%x§,x%x3x4,x%x3x5,x%xz,x%x4x5,x%x%,
ng%,x2x§x4,xgx%x5,x2x3x§,x2x3x4x5,x2x3x%,x2x2,
x2x§x5,x2x4x%,xgxg,x%,x§x4,x§x5,x§x£,x§x4m5,w§x%,

2 2 4 2.2 4
x3x2,x3x4m5,x3$4x5,$3x§,m4,x2x5,m4x5,$4x§,$5



Defining lex-plus-powers ideals allows us to make
the following conjectures.

Let H be a Hilbert function, A be a sequence of
degrees, and suppose that there exists an ideal at-
taining H and minimally containing an A-regular
sequence (that is, a regular sequence in the de-
grees A).

1. Thereis a lex-plus-powers ideal with respect to
A which attains H. (Eisenbud, Green, Harris)

2. The lex-plus-powers ideal with respect to A
has the largest graded Betti numbers among
all ideals attaining 'H and containing a regular
sequence in degrees A.

(The lex-plus-powers conjecture—
Charalambous, Evans)



These conjectures mimic Macaulay's theorem and
the Bigatti-Hulett-Pardue theorem (as well as im-
plying them).

Given a Hilbert function 'H:

e [ here is a lex ideal attaining H.
(Macaulay's theorem)

e [he lex ideal attaining 'H has largest graded
Betti numbers among all ideal attaining H.
(Bigatti-Hulett-Pardue theorem)

(One needs to prove that the lex ideal attaining
‘H contains the “latest” possible regular sequence,
that is, if the lex ideal contains a regular sequence
in degrees {ai,...,an}, then so does every ideal
attaining H).



A slightly broader context:

o If 2 C P"is a complete intersection of quadrics,
then any hypersurface of degree k that con-
tains a subscheme I' C 2 of degree strictly
greater than 2™ — 2"~k must contain Q. [Gen-
eralized Cayley-Bacharach conjecture]

e Suppose that I is an ideal containing a maxi-
mal regular sequence in degree 2 and

HR/Ld) = (") + -+ ()

is the d-th Macaulay representation of H(R/I,d).
Then

H(R/I,d+1) < (df1)+---+(1‘$1).

e Suppose that I is an ideal containing a max-
imal regular sequence in degree 2 and L is a
{2,...,2} lex-plus- powers ideal such that

H(R/I,d) = H(R/L,d).
Then
H(R/I,d+ 1) < H(R/Lgd—+1).



e [EGH] Suppose that I is an ideal containing a
regular sequence in degrees A, and L is a A
lex-plus-powers ideal such that

H(R/I,d) = H(R/L,d).
Then

H(R/I,d+ 1) < H(R/L<g,d + 1).

e [Generator version] Suppose that I is an ideal
containing a regular sequence in degrees A,
and L is an A lex-plus-powers ideal such that
H(R/I) = H(R/L). Then ﬁ{’j < 51{7 for all j.

e [Socle version] Suppose that I is an ideal con-
taining a regular sequence in degrees A, and L
is an A lex-plus-powers ideal such that
H(R/I) = H(R/L). Then 5 ;i < 5L for all j.

e [Socle version 2] Suppose that I is an ideal
containing a regular sequence in degrees A,
and L is an A lex-plus-powers ideal such that
H(R/I) = H(R/L). Then 5;[) 5L’p+ 1
(here p is the regularity of (R/L))
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The Generalized Cayley-Bacharach conjecture is
known for:

e The case for which n < 7. (Eisenbud, Green,
Harris)

e [ he generalized hypercube, that is, the case
for which €2 consists of the 2™ common zeros
defined by n quadratics, each of which is a
product of linear forms. (Evans, Riehl)



The Eisenbud-Green-Harris conjecture is known
for:

e ideals containing the powers of the variables
[Clements, Lindstrom],

e dimension 2,

e dimension < 5 if there is a maximal regular
segquence in degree 2.

It is also known that minimal resolutions for lex-
plus-powers ideals can be computed by:

e removing elements divisible by :cf’b for ¢+ > 1
from the Eliahou-Kervaire resolution on L,

e then iteratively using colon ideals and the map-
ping cone to introduce terms corresponding to
the pure powers. (Charalambous, Evans)



Special classes of counter examples:

If EGH fails, then there is an ideal I with the fol-
lowing properties:

e I contains an A-regular sequence, {f1,..., fn},

e H(R/I) = H(R/L) where L is an A lex-plus-
powers ideal,

° 67[7,,p—|—n—1 > 67%”04_,”_1 (where p is the regularity
of H(R/I)),

o Iy 1="(f1,--,fn)<p—1,

a
o LSP—]. = (3711, “ e ,x%n)gp_l.
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If EGH fails, then there is an ideal I with the fol-
lowing properties:

e / contains an A-regular sequence,

e H(R/I) = H(R/L) where L is an A lex-plus-
powers ideal,

° 5{,p—|-1 > ﬁlL,erl (where p is the regularity of
H(R/I)),

o 1, <B7; forall j <p,

e R/I is level.
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Using Macaulay’s inverse systems to control so-
cles:

Let S = k[y1,...,yn] be considered as an R-module
where the action of x; on S is partial differentiation
with respect to y;.

There is a bijection between Artinian ideals I C
R and finitely generated R-submodules Il of §
where I'1 ={se S| mos=0 for all me1I}.

For all d, H(I"',d) = H(R/I,d).

For all d, dim(SocR/I(d)) is equal to the number
of minimal generators of I~1in degree d.



Transfer the conjecture to S.

Suppose that L is A lex-plus-powers, write £ to
denote L~1 and let M, (d) denote a monomial basis
for the set {m € S; | y;* divides m for some i}.
Then

1. LyNn My(d) =10,

2. ifme Ly and m’' € S;— Muy(d) such that
m' < m, then m’ € L.

If N C S5, satisfies 1 and 2 above, we say that N
is SLpp(?) with respect to A.



4 2.2 .2 2 2
ml,x?mg,x?x3,x?x4,x%x5,mlxz,x1x2x3,x1x2x4,x1m2x5,

2.2 .2 2 2.2 .2 2.2 2
$1333,$1CE3$4,331$3CE5,ZE1$4,$1$4$5,$1x5,$1$3,$1$23}3,

2 2 2 D
T1T5T4, T1L5T5, T1T2L3, L1T2T3T4, L1L2T3T5, L1L2TLY,

2 2 2 2
T1TOTATS, T1TTE, T1 T3, T1T5T4, T1T5T5, T1T3TY,

2 2 2 4
51315133CU4$5,331513356'5,331332,%1334%5,CC]_CU4$5,ZC]_33%,CCQ,£E%£C3,
2.2 .2 2 2.2 .2 2,..2
$SZC4, $SQZ5, $2£133, ZCQ$3ZC4, $25133$5, 3321‘4, 3321‘4%5, $2x57

2 2 2 2
TOT3, ToTZT 4, TOTZT5, TOTITY, T2TITATS, TRTITE, TOTy,

2 2 4 2.2 .2 2.2
x2m4x5,x2m4w5,mgwg,w3,x§$4,x%x5,m3w4,m3w4w5,x3w5,

2 2 4 2.2 4
x3x2,x3x4w5,x3w4x5,m3x§,x4,x2x5,x4x5,w4x§,m5

2 2 2 2 2
LE:])_), LIL2, L1L3, L1L4, L1LE, L1Lo, L1L2LZ, L1L2L4, L1L2LE,

2 2 2 2 2
L1X3, L1X3L4, L1L3LG, L1Ly, L1LAXE, L1 Xy, wga LoX3, L4,

2 2 2 2 2
LoXG, LRX 3, LRXILL, LRL3LG, LRL Y, X2LAXE, L2X g, ZC%, L34,

2 2 2 2 2
x3x5,x3x4,x3w4x5,w3x5,x2,x4w5,x4x5,wg

2 2 2
x]_) L1L2, X1L3, L1L4, L1L5K, $2, L2X3, L2X4, L2ITH, 333

2 2
L3LY, LILEH, L gy, L4Ls, T

L1,X2,XL3,T4,TH



Another fact: suppose that I contains an A-regular
sequence {fy,...,fn}, and write M,(d) to denote
a basis for the set a

q q
o i Uy, i o i Uy, i
{E:yl Teeyn €Sy E:xl T e (f1, -1, fr)al-
j—1 =1

Then Z,N M (d) = 0.



EGH is equivalent to the following:

Suppose
e {f1,...,fn} is an A-regular sequence,

e 7 C Sissuchthat InM¢(d) = () and the largest
degree in which Z has generators is d,

e L C SisSLpp with respect to A and the largest
degree in which £ has generators is d,

o H(L, d) = H(Z,d),

Then H(L<g,d—1) < H(Z,d - 1).



Hope: this approach will provide a non-combinatorial
proof of EGH for monomial ideals (at least in di-

mension 3).

It does give a different perspective on how the
degrees of the regular sequence affect the problem.



