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A Coxeter group W is said to be rigid if, given any two Coxeter systems
(W, S) and (W, S"), there is an automorphism p of W which carries S to S’ In
this dissertation we review rigidity results of D. Radcliffe [29] and of R. Charney
and M. Davis [11], noting that certain restrictions must be placed on the Coxeter
group in order to obtain rigidity. Radcliffe examined “right-angled” Coxeter
groups, while Charney and Davis considered Coxeter groups of “type HM,”
(both of which are defined in Section 4.2).

We introduce Coxeter groups of “type K,,,” which may be viewed as a natural
generalization of type H M, Coxeter groups. Relying primarily on techniques
of geometric group theory, we show that if W is Coxeter group of type K,
with Coxeter systems (W, S) and (W, S’), then the associated Coxeter graphs
I's and I'ss are isomorphic. With added restrictions on the system (W, .S) this
is sufficient to conclude that W is rigid.

The geometric analysis mentioned above is performed on a simplicial com-
plex 3, called the the Davis complex, which was introduced by M. Davis in [13].
G. Moussong [24] showed that the Davis complex 3 supports a C AT(0) metric

dys (called the Moussong metric) and that the Coxeter group W acts properly



and cocompactly by isometries on the metric space (X, dys). This geometric
structure enables one to deduce a wealth of information about the Coxeter
group.

We observe that passing from type H My Coxeter groups groups to type K,
Coxeter groups introduces greater topological complexity in the Davis complex
3. We undertake a study of certain subcomplexes of ¥ with the goal of alleviat-
ing the complications. In doing so we obtain a topological proof that if » € W
is a reflection and W is of type K, then the centralizer Cyy(r) is isomorphic to
Zo x F, where F' is a free group. For general Coxeter groups, a similar result

has been obtained by B. Brink [9] using different methods.
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RIGIDITY FOR A CLASS OF COXETER GROUPS

1 Introduction

1.1 Statement of the Problem

A Cozeter system is a triple (W, S, m) where W is a group, S C W, and
m: S xS — NU{oo}
such that
1. for all s,t € S, m(s,t) =1 if and only if s = ¢;
2. m(s,t) =m(t,s) for all s,t € S;
3. W has a presentation of the form

< S:(st)y™h: s te S >,

W is called a Cozxeter group (relations of the form (st)> are, of course, dis-
carded). In this dissertation we consider the following question: given any Cox-
eter systems (W, S) and (W, S") for W, is there an automorphism p: W — W
such that p(S) = 57 If the answer is in the affirmative, W is said to be rigid.
It is known that not all Coxeter groups are rigid, but known examples of such
groups are rare. However, in the presence of certain restrictions on (W,J5),

rigidity for W can be attained.



1.2 Organizational Overview

We outline the organization of the dissertation. In Chapter 2 we introduce
various group theoretical prerequisites that are necessary to proceed. In partic-
ular we describe relatively recent developments in geometric group theory, due
primarily to M. Gromov (i.e., the use of non-positive curvature in the study of
infinite groups), which are essential in our approach to the rigidity question.

In Chapter 3 we detail the standard terminology and results on reflection
groups and Coxeter groups. Classically, Coxeter groups were studied via their
“root systems.” Roughly speaking, this approach involves viewing a Coxeter
group W with system (W, S) as a group of real matrices such that each element
s € S (and its W-conjugates) acts on a real vector space V by reflection across
a hyperplane H of codimension 1 in V| and interchanges the components of
V — H (cf. Theorems 3.3.1 and 3.3.2). More recently it has been shown by
M. Davis [13] that given a Coxeter system (W,S), the group W acts on a
contractible simplicial complex 3(S) by reflections (see Theorem 3.4.2). The
complex X(5) is called the Davis complexr associated to the system (W, S). A
result of G. Moussong [24] (stated as Theorem 3.4.3) provides the integral link
between the theory of Coxeter groups and non-positive curvature.

There are surprisingly few known results concerning the rigidity problem for
Coxeter groups. Chapter 4 details results of D. Radcliffe [29] and of R. Charney
and M. Davis [11] concerning rigidity. In each case, a particular class of Coxeter
groups is isolated and shown to be rigid. Radcliffe showed that “right-angled”
Coxeter groups are rigid (defined and stated as Theorem 4.2.1). Charney and
Davis proved that Coxeter groups of “type HM,” are rigid (defined and stated
as Theorem 4.2.2).



In Chapter 5 we introduce Coxeter groups of “type K,.” This class of groups
can be viewed as a natural generalization of the type H M, groups of Charney
and Davis. Type K, Coxeter groups are obtained by relaxing the homological
restrictions imposed on H M, groups. The reader should be warned that type
H M, Coxeter groups are not type K, Coxeter groups in general (the definition
of type K,, Coxeter groups is given in Section 5.1). It will be shown that if W is
a Coxeter group of type K, with Coxeter systems (W, S) and (W, S’), then the
Coxeter graphs I's and I'ss are isomorphic (Corollary 5.4.7). In certain cases
this is sufficient to conclude that W is rigid (Corollary 5.4.8).

As will be seen, the price paid in passing from the type H M, groups to the
type K, groups is an increase in the complexity of the topology of the Davis
complex. We take note of these complications and in Chapter 6 take steps to

unravel the complexity.



2  Group Theoretical Prerequisites

2.1 Combinatorial Group Theory

Given any set X there is a group F' = F(X) such that X C F satisfies the
following: for any group H and any function f : X — H, there is a unique
homomorphism ¢ : FF — H such that g|x = f (where g|x is the restriction of
g to X). The group F' is called a free group with basis X. For the details on the
construction of free groups see [23|, Chapter 1.

Let R C F be any subset of of the free group F. The normal closure of R,
denoted ((R)), is the smallest normal subgroup of F' containing R. A group G
has presentation P =< X : R > if G is isomorphic to the quotient F/((R)).
Elements of X are called generators and elements of R are called relators. If
{x1,29,.. ., 25} C X, the product z7'25? - - - 2% (where ¢; = £1 for 1 < i < k)
is called a word in the generators of P.

A group G is finitely generated (resp. finitely related) if it has a presentation
P =< X : R > with X (resp. R) a finite set. A group G is finitely presented if
it has a presentation P =< X : R > with both X and R finite.

Combinatorial group theory is the study of groups defined by presentations.
Historically, the field of combinatorial group theory can trace its origins to a
paper of von Dyke [16] in 1882, in which he defined discrete groups of isometries
of hyperbolic space in terms of generators and relations. The major impetus to
study groups defined by presentations was provided by Max Dehn in the early
twentieth century. In the study of low-dimensional manifolds, the fundamental
group is of major importance. Dehn was working on classifying such manifolds
(specifically surfaces and knot-complements) and, when given a specific mani-

fold, the fundamental group often arises in the form of a presentation. In this



way he came to recognize the deep connection between group theory and topol-
ogy as well as the realization that the study of combinatorial group theory was
of fundamental importance.

With this idea in mind, in 1912 Dehn [15] articulated three basic problems
which arise naturally from topological considerations and which concern group

theorists to this day.

1. Word Problem: Given a presentation P for a group G, is there an algo-
rithm which, for any word w in the generators of P, will determine in a
finite number of steps whether w represents the trivial element of G?7 If
such an algorithm exists, then P has solvable word problem. If P and Q
are finite presentations for a group G, it can be shown that P has solvable
word problem if and only if Q has solvable word problem. Thus we may

speak of a finitely presented group G as having solvable word problem.

2. Conjugacy Problem: Given a presentation P for a group G, is there an
algorithm which, for any words u and v in the generators for P, will
determine in a finite number of steps whether u and v represent elements
of G which are conjugate in G (i.e., u = wvw™! for some w € G)? If such
an algorithm exists, then P has solvable conjugacy problem. Note that if

‘P has solvable conjugacy problem, then it also has solvable word problem.

3. Isomorphism Problem: Given presentations P and @ is there an algo-
rithm which will determine in a finite number of steps whether the groups

determined by the presentations are isomorphic?

It has been shown that in general, each of these problems is unsolvable. In
particular, Boone [5] and Novikov [26], [27] showed that there exists a finitely

presented group with unsolvable word problem. There are however, many classes



of groups for which one or more of these problems is solvable. For example,
free groups have solvable word problem. It will be seen (Theorem 3.4.4) that
Coxeter groups have solvable conjugacy problem (this result is a consequence
of a theorem of Moussong [24]).

Suppose S; and S5 are orientable surfaces and P and Q are presentations for
the fundamental groups m(S1) and m(Ss), respectively. It is known that any
orientable surface S is determined up to homeomorphism by the homology group
H,(S), and that H;(S) is isomorphic to the abelianization of the fundamental
group G = m(9) (i.e., Hi(S) = G/|G, G], where |G, G] denotes the commutator
subgroup of G; see [17], Chapter 12 for the details). It is also known that if ¢

is the genus of the surface S, then

~ 0 ifg=0
Hl(S)Z{Z?g if g>0

Thus, to determine whether P and Q present isomorphic groups, it is sufficient
to determine whether the homology groups H;(S;) and H;(S3) are isomorphic
and, with presentations P and Q in hand, this is an easy task. Consequently,
the isomorphism problem is solvable for presentations of the fundamental groups
of orientable surfaces (in fact, the hypothesis of orientability is unnecessary).
For the details on the homology groups of surfaces, see [17], Chapter 19.

The reader should observe that the rigidity question for Coxeter groups is a
special case of the isomorphism problem in the following sense. Suppose one is

given Coxeter systems (W, S;m) and (W', S", m’) which determine presentations
Ps =< S :m(s,t); forall s,t €S >

and

Ps =< 8" :m/(s,t'); for all §';t' € 8" > .



The object of rigidity is to determine whether the presentations Pg and Pg
determine isomorphic groups and if so, is there an isomorphism between the

groups determined by the presentations which carries S to S'?

2.2  Group Actions

Given a group G and a set X, a left action of G on X is a function
f:Gx X —X
satisfying
1. f(1,z) = x for all z € X
2. if g,h € G, then f(gh,z) = f(g, f(h,z)) for all z € X.

There is an analogous definition for a right action of G on X. All group actions
in this paper will be left actions and will be referred to as G-actions. If g € G,
x € X, and f is an action of G on X, we will denote f(g,z) by ¢ -z or simply
gr. A G-action on X is said to be free if, for all z € X, gr = x if and only if

g = 1. Given a subset Y C X the (setwise) stabilizer of Y is
stab(Y)={geG:9-Y =Y},

which is the set of all g € G which leave the set Y invariant. It is easy to show

that stab(Y) is a subgroup of G. If y € X, the orbit of y in X is the set
G-y={g9-y:9€G, yeY}

The G-action is transitive on X if, for any x,y € X, there is a ¢ € GG such that

gr =y.



Suppose X is a topological space and G is a group acting on X. The space X
is a (left) G-space if, for each g € G, the map 7, : X — X given by 7,(x) = gz
for all x € X is continuous. If this is the case it is easy to show that for each
g € G, the map 7, is in fact a homeomorphism.

A metric space (X, d) is said to be proper if every closed, bounded subset is
compact. For the remainder of this section, we assume (X, d) is a proper metric
space with G acting on X by isometries (i.e., for every g € G, d(x,y) = d(gz, gy)
for all z,y € X). The action of G on X is said to be proper if for every bounded
set B C X, the set

{geG:gBNB#0}

is finite. Note that for a proper action, the stabilizer of each point x € X is

finite. The orbit space is the quotient
G\X ={G-z:2 € X},

topologized with the quotient topology. We define a distance function
dg: G\X x G\X — R

on G\ X by
dg(Gx,Gy) = inf{d(a,b) : a € Gz,b € Gy}.
If G acts properly on X it can be shown that dg is a metric on G\ X; in such

a case the metric topology is equivalent to the quotient topology on G\ X (see

eg. [30], §6.5). The action of G on X is cocompact if G\ X is compact.

2.3 Geometric Group Theory

Geometric group theory is the study of the interplay between groups and

geometry /topology. The approach to this theory comes in two flavors. The first



is to treat a given group G as a geometric object. One such way to do this is
by putting a metric on G. For example, if G has a presentation P =< X : R >,
the word metric on G with respect to the presentation P is defined as follows:
for g, h € G let

d(.gv h) = an{n : g_lh = xilx? ce Ifln}

where x1, 2o, ...2, € X and ¢; = £1 for 1 < ¢ < n. In other words, the distance
between g and h is the minimal number of letters required to form a word which
represents g 'h in G. There are many other ways to metrize a group (see eg. [30],
§5). The second is to locate a topological space X, (preferably a metric space)
on which G acts (preferably by isometries). Studying the G-action on X yields
information on the structure of G. In both of these approaches, the notion of
curvature (to be defined below) plays an important role.

Dehn laid the foundation for a geometric approach to combinatorial group
theory when he established the relationship between low-dimensional topology
and group theory. For example, orientable surfaces of positive genus support
metrics of non-positive curvature.

Though the connections between the combinatorial and geometric aspects
of group theory are ubiquitous, the role of geometry was largely ignored during
most of the development of the combinatorial theory. Its emergence as a central
player in group theory is due largely to the work of M. Gromov [18], [19], [20],

in the latter part of the twentieth century.

2.4 Geometric Notions

A geodesic space is a metric space (X,d) such that for any two points

x,y € X, there exist a,b € R and an isometric embedding v : [a,b] — X



10

such that y(a) = x and v(b) = y. The map ~ is called a geodesic arc. Denote
the image 7v([a,b]) in X by [z,y]. The set [z,y] is called a geodesic segment
connecting x and y. A geodesic line is a local isometry o : R — X of the real
line into X (i.e., for every z € R there is an open interval I C R such that the
restriction of « to I is an isometric embedding). The image a(R) in X is called
a geodesic.

If v:[a,b] — X is a geodesic arc, we consider the path 7 : [0,1] — X
defined by

7(t) = (1 —t)a +1tb)

for all ¢ € [0, 1]. Notice that the image of 7 is equal (setwise) to the image of ~.
The path 7 is a parameterization of v proportional to arc length.

Given a geodesic space (X, d), the metric is said to be convez if for each pair

of geodesic arcs

’}/11[0,1]—>X&1’1d’}/2i[0,1]—>X7

parametrized proportional to arc length, the inequality

d(m(t),72(t)) < (1 = )d(71(0),72(0)) + td(71(1), 72(1))

is satisfied for all ¢ € [0, 1]. It is immediately evident that geodesic segments are
unique if the metric is convex.

Geodesic segments are not in general unique. For example, the unit sphere
S? with the standard metric is a geodesic space. The geodesics of S? correspond
to “great circles” (i.e., closed arcs in S? which are isometric to the equator). Tt
can be shown that if z,y € S? are antipodal points, then there are infinitely
many geodesic segments connecting « and y (if z and y are the north and south
poles respectively, each longitude is a geodesic segment connecting x and y;

see [30], §2.1 for the details).
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The following geodesic spaces are used as standard models in geometry. Let
X € R be given, and let M, denote either the 2-sphere of radius 1/,/x, the
Euclidean plane, or 2-dimensional hyperbolic space of curvature y, according to
X >0, x =0, or x <0, respectively. Let d, denote the standard metric on M,
(see [30], Chapters 1-3 for the details).

If z,y,2 € X, a triangle (x,y, z) consists of a choice of geodesic segments
[z, y], [y, 2], and [z, z]. A comparison triangle for (x,y, z) is a triangle (2/,y/, 2’)

in M, such that
d(z,y) = d\ (2", y'), d(y,z) = dy(y,2'), and d(z,x) = d, (', 2").

A geodesic space (X, d) is a CAT(x) space if, for any triangle (z,y, z) in X, and

any p € |y, z|, the CAT () inequality

d(p, ) < dy(p, 2)

is satisfied, where p’ is the image of p under the isometry [y, z] — [¢/,2/]. A
geodesic space X has curvature Ky < x if every point p € X has a neighborhood
U, such that every triangle in U, satisfies the CAT(x) inequality. The theory

of C'AT(x) spaces was developed by the Russian school of A. D. Aleksandrov
(C' = comparison, A = Aleksandrov, T' = Toponogov)

to encompass the theory of Riemannian manifolds and extend this theory to a
more general setting. For more on C AT (x) spaces see [1], [2], [4], or [8].
Some important facts about C'AT'(0) spaces are contained in the following

results.
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Theorem 2.4.1 If (X, d) is a CAT(0) space, then the metric d is convex.

Proof: As a special case, let a, 3 : [0,1] — X be geodesics with a(0) = 3(0)
and consider a triangle (a(0),«(1),5(1)) in X and the comparison triangle

(a(0), (1), 8(1)") in R? with the Euclidean metric dr such that
a(0) = B(0) = (0,0) € R*.
If t € [0, 1], then

dr(a(t), B(t)') = tdr(a(1)', (1)) = td(a(1), B(1)).

By the C'AT(0) inequality,

d(a(t), (1)) < dr(a(t), 5(t)")
which implies that
d(a(t), B(t)) < td(a(1), B(1))

for all t € [0,1].
In the general case, we let «, 5 : [0, 1] — X be (reparameterized) geodesics
and let v : [0,1] — X be the reparameterized geodesic with v(0) = «(0) and

(1) = B(1). By applying the special case we obtain

d(a(t),y(1)) < td(a(1), (1))

and
d(v(t),8(t)) < (1 —1)d(~(0), 5(0))

for all ¢ € [0,1]. This implies that
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d(a(t), B(t)) < d((t),y(t)) + d(y(t), 5(1))
< td(a(1), 5(1)) + (1 = t)d(a(0), 5(0))

for all t € [0,1] as desired. O

Theorem 2.4.1 is particularly useful because geodesic segments are unique
in a space with a convex metric. In addition, the convexity of the metric in
a CAT(0) space implies that geodesic segments vary continuously with the

endpoints. As a consequence we have:

Corollary 2.4.2 If (X,d) is a CAT(0) space, then X is contractible.

Proof: Fix zy € X. For each z € X, let a, : [0,1] — X be the reparameterized

geodesic from z( to x. Define a homotopy
H:Xx[0,1] — X

by H(z,t) = a,(t). Applying Theorem 2.4.1, we see that H is continuous and
so X is contractible. |

If X is a CAT(x) space, and a group G acts properly and cocompactly by
isometries on X, then G is called a CAT(x) group. As previously mentioned,
the role of curvature plays a central role in geometric group theory. This is
especially true in the case of non-positive curvature (i.e. CAT(0) groups). The

following theorems illustrate this fact.

Theorem 2.4.3 ([7], Corollary 2.7) If G is a finite group acting by isometries
on a complete CAT(0) space X, then there is an x € X such that gr = x for
all g € G.
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Theorem 2.4.4 ([8], Corollary 11.2.8) If G is a finite group acting by isometries
on a complete CAT(0) space, then the set C of points of X fixed by G is a convex

subspace of X (hence C is contractible).

Theorem 2.4.5 ([8], Theorem II1.I".1.12) If G is a CAT'(0) group, then G has

solvable conjugacy problem (and therefore solvable word problem,).

For a comprehensive study of the theory of CAT'(0) groups, the reader is referred
to [8].
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3 Coxeter Groups and Reflection Groups

3.1 Reflection Groups

In this section we collect some standard results on the theory of reflection
groups. Our approach follows [6]. For alternate approaches see [10] or [22].

If X is a topological space and A C X is a subspace of X, we denote the
closure of A in X by A and we denote the interior of the subspace A by intA.
Let X be a connected, locally path connected, Hausdorff space. A reflection on

X is a homeomorphism r : X — X such that

Al. r? = 1x (where 1y denotes the identity map on X);

A2. the fixed-point set M, = {x € X : r(zr) = x} separates X into two
nonempty components and these components are interchanged by the re-

flection 7;

A3. every x € M, has an arbitrarily small connected open neighborhood U,
which is separated into two components by M, and these components are

interchanged by the reflection r.

The set M, is called the wall or mirror of the reflection r. Note that since X is
Hausdorff, for every reflection r of X, the mirror M, is a closed subset of X.

A group I' of homeomorphisms of X is called a reflection group if

R1. I is generated by reflections;

R2. the collection of mirrors {M, : ris a reflection in I'} is a locally finite
family in X (i.e., each point z € X has an open neighborhood U, such that
the intersection M, N U, is nonempty for at most finitely many reflections

rel);
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R3. if r and 7’ are distinct reflections in I', then any path « : [0, 1] — X can
be approximated arbitrarily closely by a path which misses the intersec-
tion M, N M, (where « is viewed in C([0, 1], X'), the space of continuous

functions from the interval [0, 1] into X with the compact-open topology).

Common examples of reflection groups are the dihedral group D, (with
2n elements) acting on R? the infinite dihedral group D,, acting on R, the
symmetric group S, acting on R” or on R"™!, and the triangle groups generated
by reflections in the geodesics containing the sides of a triangle (with each angle
a rational multiple of ) in the 2-sphere, the Euclidean plane, or 2 dimensional
hyperbolic space.

Let I' be a reflection group acting on X, and let R be the set of all reflections
in I'. Note that R is closed under conjugation in I' and that I'" acts on mirrors

via gM, = My, for all g€ ' and r € R.
Lemma 3.1.1 Ifr;,7 € R are distinct reflections, then M,, # M,,.

Proof: Suppose M,, = M,,. Let =,y € X be points such that x and y are

separated by M,,. Given any path « : [0, 1] — X with a(0) =z and a(1) =y,

the image of @ must meet the mirror M,, = M,, N M,,, contradicting R3. O
A chamber is the closure of a component of the complement

X—UM;

reR

of all mirrors in X. Since I' acts on mirrors, it follows that I" acts on chambers.
Fix a chamber () and call it the fundamental chamber. Let V be the the set of

v € R such that

@L—UMQOQ#@

r#v
The set V is called a set of fundamental reflections of T'.
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Lemma 3.1.2 The subgroup I'y C T' generated by V' acts transitively on cham-

bers.

Proof: Let Q' be a chamber. Let z € int(Q) and y € int(Q’) (where @ is the
fundamental chamber). Note that for any chamber @', W = @Q'. Since X is
path connected, there is a path « : [0, 1] — X with «(0) = z and a(1) = y. By
R3, we may choose a so that the image of o misses the pairwise intersections

of mirrors.

Claim 1: If » € T is a reflection, then we may choose the path a so that the
image of a meets the mirror M, in a finite number of points and, at each
intersection point, a crosses from one chamber into another.

Proof: Fix a reflection » € I'. Since o misses pairwise intersections of
mirrors, for each point ¢ € ' (M,.), the point a(q) meets only the mirror
M,.. Since the collection of mirrors is locally finite in X, the union U M,
is closed in X (the union of a locally finite family of closed subsp;i;s is
closed) so, by A3 there exists a neighorhood Uyg) of a(g) which misses
all mirrors but M,, is separated into two components U; and U,, and
the components are interchanged under reflection by r. This neigborhood
determines two chambers (); and ()5 such that U; C @ and Uy C Q.
Since Q1 U Q5 is closed in X, the inverse image o~ (Q1 U Q») is closed in
0,1]. Let

a=inf{rc[0,1]:z2€a(QUQy)}

and let

b=sup{zr €[0,1]:2 € a(Q;UQy)}.

Thus for all t € [0,a)U(b, 1], the point «(t) is contained in the complement

X — (Q1 U Q7). Since Q1 U @7 is path connected, we may choose a path
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B |a,b] — Q1 U Q2 joining a(a) and «(b) Note that  may be chosen
so that if s € I' is a reflection distinct from r, then the image ((a,b) of
the open interval (a, b) is disjoint from M. If a(a) and a(b) are contained
in a single chamber (say (1), then we can replace o with a path which
does not meet M, within @1 U Q2. If a(a) and «a(b) are separated by M,
then, by A3, we can replace o with a path which meets M, in a single
point within Q)1 U Q. In either case we can assume that the path o meets
the union )1 U ()2 once and, within the union, meets the mirror M, in
at most one point. At the intersection point, a crosses from () into ()».
Consequently, for any reflection r € I', the intersection of the image of «
with M, is a discrete subset of X. Since M, is closed in X, the inverse
image a~!(M,) is a closed, discrete (hence finite) subset of [0, 1]. In other
words, We may choose a path a which meets each mirror a finite number

of times, completing the proof of Claim 1.

Since the image of « is compact and the collection of mirrors is locally

finite in X, the path o meets only finitely many mirrors. Thus « determines a

sequence

Q=0Q0Q1....Qn=Q

of chambers that it successively crosses into (repetitions are allowed). The point

z € X where a crosses from )y into ()1 is contained in M, for some v € V.

Claim 2: If M, is the mirror which « crosses from )y into @); at the point z,

then ’UQO = Ql'

Proof: Since the collection {M,},cr of mirrors in X is a locally finite

family of closed subspaces of X, the union U M, of mirrors distinct from

r#v
M, is closed in X. Thus there is an open neighborhood W of 2z such that
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the intersection

wn U M,
r#v
is empty. By A3 there exists an open neighborhood U, of z such that U, is

contained in W, the mirror M, separates U, into two components Uy and
Uy, and vUy = U;. Since W meets only the wall M,., it follows that W is
contained in Qo U (1. Consequently, we have Uy C intQ)y and U; C intQ);.

Since vUy C int(Q)q, it follows that

v - intQo NintQq # (.

Since v acts on X by homeomorphism, v permutes the components of
the complement X — |J,.x M, of mirrors in X. From this we conclude
that v - intQy = intQ; (if two components of a space have nonempty
intersection, then they are equal). Since v is a homeomorphism of X we

have

vQo = v - ntQy = v - intQy = intQ)y = Q1,

completing the proof of the claim.

Now consider v;'Q; = Qo and v; ' Q. By the preceding argument there is
a vy € V such that v2Qy = vleg. This implies that v;v,Q¢ = (2. Proceeding
inductively, we find vy, vs,...,v, € V such that vivy---0,Q = Q. O

Let @' be a chamber, M, be a mirror, and define

Q. =Q'n (Mr— UMv).

rv

If . is nonempty, then the closure Q. of Q. in X is called a panel. Two distinct
chambers @ and Q) are adjacent if they share a panel. A gallery of length &
is a sequence of chambers (g, 1, ..., Q) such that consecutive chambers are

adjacent.
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Lemma 3.1.3 If r € T is a reflection, then there exists an element g € 'y

such that g~ trg € V.

Proof: Let z,y € X be points in X which are separated by M,.. Consider a path
a:]0,1] — X in X with «(0) = x and a(1) = y, missing pairwise intersections
of mirrors. If 2z is a point in which the image of o meets M,., then by A3 there
is an open neighborhood U, which is separated into two components U; and U,
by M, with U; and U, interchanged by the reflection r. As in the proof of Claim
2 in Lemma 3.1.2 we may assume that U, is chosen so that U; is contained in a
single chamber (Q'. From this we conclude that the chamber )’ meets the mirror
M, in a panel. By Lemma 3.1.2, Q' = gQ for some g € I'y. Thus g 'rg is a
reflection whose mirror g~ 'M, = M,-1,, contains a panel in @, implying that

g lrgeV. O
Theorem 3.1.4 IfV is a set of fundamental reflections for I, then Iy, =T'.

Proof: By R1, the group I' is generated by reflections. By Lemma 3.1.3, every

reflection is an element of I'y,. O

Lemma 3.1.5 Ifv,w € V and the chambers gvQQ and gQ) are on opposite sides

of M, then gv = wg.

I we see that Q and vQ are on opposite sides of the mirror

Proof: Applying g~
g M, = My-1,,4. Since M, meets the (adjacent) chambers ) and v@ in a
panel, it follows that M, = M,-1,,. By Lemma 3.1.1, v = g wg. |

The length of g € T is
lv(g) =min{n:g=uvvy-- v, v; € V}.

We define the length of the identity element 1 € I' to be ly(1) = 0. If g =

V19 -+ - v, where v; € V for 1 < i < n and [,(g) = n, then the word vivs - - - v, i8
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called a reduced expression or a reduced word for g. Note that Iy (g) is the length

of the shortest gallery

Q,v1Q, v1012Q, . .., V1V -V Q = gQ)
joining @ and ¢Q).
Lemma 3.1.6 I[fg €T, thenly(g) =1 if and only if g € V.

Proof: If Iy/(g) = 1, then there is some v € V such that ¢ = v, implying that
geV.

To prove the reverse implication, we suppose that ¢ € V (in which case
we have [y (g) < 1). Since g interchanges the components of the complement
X — My, the action of g on X is nontrivial. This implies that g # 1 and therefore

lv(g) = 1. O

Lemma 3.1.7 The reflection group T acts freely on chambers (i.e., for any

chamber Q' , if gQQ' = @Q’, then g =1).

Proof: Let Q' be any chamber and let g € I' — {1} be a nontrivial element of I'
which leaves @' invariant. By Lemma 3.1.6, we have ly/(g) = n for some integer
n > 1. Thus we may express g as a word g = vyvy---v,, where v; € V for

1 < i < n. Consider the gallery

Q? UlQu UvaQJ A K% R UTLQ = Q7

and let ¢ > 1 be such that vy ---v;Q and vy ---vv;,41Q are separated by M, .

By Lemma 3.1.5,
('Ul...'Ui)'Ui+1 :'Ul(’Ul...'UZ-> :UQ"'Ui7

contradicting the assumption that Iy (g) = n. O
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The following lemma is a useful characterization of the length of the elements

of I' in terms of galleries in X.

Lemma 3.1.8 If g = vivy -+ - vy, then ly(g) = n if and only if the gallery

Q7 UlQa Ulv2Qa R % 00 UTLQ

never crosses the same mirror twice.

Proof: Assume that l/(g) = n and suppose that for some positive integers i and

j with 1 <17 < j < n, the chambers
U1y -+ 0041Q and vivg v v Q

are on the same side of the mirror vyvs - - - v; M, while the chambers

Ui+17
VU2 -+ V041 Q and vivg v UjUj+1Q

are separated by the mirror vjvg - - - v; M, . (in other words, the gallery

Vi1

Q,v1Q, ..., 010 v,Q

1

crosses over the mirror vy - - - v; M, , at least twice). Applying (vivg---v;)~" we

Vi1

see that the chambers
Uiyl 'UjQ and Vi1 UjUj+1Q
are separated by the mirror M, . By Lemma 3.1.5, it follows that

Vi1 (Vigr -+ 0;) = (Vigr -+ 0;)V51
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and so
g = 01V2 " ViViq2 "+ VjVjq2 -+ " Up,

contradicting the assumption that Iy (g) = n.

For the reverse implication we assume that the gallery

Qa UlQa UIUQQ, coo, U1y e UnQ

never crosses the same mirror twice and observe that if g = u; - - - u,, is another

word representing g, then the gallery

Q)UIQ7 <o UUD qu

must cross each of the walls which the gallery

Q, UlQa 111112@, e, V1Ug 'UnQ

crosses. This implies that m > n = ly(g) and so there is no expression for g
consisting of fewer than n generators. O
In light of Lemma 3.1.8, we may view ly/(g) as the number of mirrors separating
@ from ¢g(@ in a gallery of shortest length.

The essence of the theory of reflection groups is contained in the following

theorem.
Theorem 3.1.9 (The Exchange Principle) Let g € ' with ly(g) = n, and let
g:vl..vn:ul.un

be two shortest word representatives for g. If uy # vy, then there is an i > 1

such that

g = UV1 -+ Vj—1Vi41 "~ Un.
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Proof: By Lemma 3.1.8, there is an 1 < ¢ < n such that v;---v;1Q and

vy - - - v;() are on opposite sides of M,,,. By Lemma 3.1.5,
ULVy * -+ Vi1 = V1 - Uy,

and the result follows. |
If u,v € V, let m(u,v) be the order of uv in I'. Note that m(u,v) € NU{oo}
for any u,v € V. The proof of the following may be found in [22], (Theorem

1.9), and is accomplished by repeated applications of the Exchange Principle.

Theorem 3.1.10 A presentation for I is given by

<V :(uwo)™) gy veV >,

Note that the relation v* = 1 implies that m(u,v) = m(v,u). Relations of the

form (uv)* are discarded.

3.2 Coxeter Groups

For the reader’s convenience, we restate the following definition. A Cozeter

system is a triple (W, S, m) where W is a group, S C W, and
m: S xS — NU{oo}
such that
1. for all s,t € S, m(s,t) =1 if and only if s = ¢;

2. m(s,t) =m(t,s) for all s,t € S;
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3. W has a presentation of the form

<S:(st)") s te S >,

W is called a Cozeter group. When there is no confusion, the “m” will often be
omitted from the notation and the pair (1, S) will be referred to as a Coxeter
system. As in the case of reflection groups, relations of the form (st)> are
discarded. We assume throughout that W is a finitely generated Coxeter group
(i.e., S is a finite set).

By Theorem 3.1.10, every reflection group is a Coxeter group.

Let
Rs = {wsw™ :w e W, s S}

If » € Rg, the element r is called a refiection.
Given a Coxeter system (W, S), the Cozeter graph T's is the labeled graph

defined as follows:
1. the vertex set of I'g is S;
2. vertices s,t € S are connected by an edge {s,t} if and only if m(s,t) > 3;
3. the edge {s,t} is labeled with m(s,t) if and only if m(s,t) > 4.

The Coxeter graph I'g provides a convenient way of representing the Coxeter
system (W, S). Coxeter graphs I's and g, are graph-isomorphic if there is a

bijection 6 : S — S’ such that
1. {s,t} is an edge in I'g if and only if {6(s),6(¢)} is an edge in I'g/;

2. m(s,t) =m'(0(s),0(t)).
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We now collect some standard results and terminology from the theory of

Coxeter groups. Given a Coxeter system (W, S) and w € W, the length of w is
ls(w) =min{n:w = s189- - 8,, s; € S}.

If w= 81895, and [(w) = n, then sys9---s, is called a reduced expression
for w. In other words, lg(w) is the minimal number of generators required in a
reduced expression for w. When there is no confusion, the “S” will be deleted

from the notation, and we write [(w) for the length of w.
Lemma 3.2.1 Let u,v € W and s € S.

a) l(u) =1(u).

b) l(u) =1 if and only if u € S.

c) l(uv) < Il(u) +1(v).

d) l(uwv) > l(u) — l(v).

e) l(u) —1 <I(su) <l(u)+ 1.

Proof: Assume that each s; € S.

a) If u = 81898, then u™! = 55+ - s951. This implies that [(u™') < I(u)

for all w € W. In particular,

This implies that {(u) = [(u™1).

b) This follows directly from Theorem 3.3.2, stated below, and Lemma 3.1.6.
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¢) Suppose u = sy---s; and v = s} - 5; are reduced expressions for u and

v. Then uv = sy -+ ;8] - - - 8 has length less than equal to i + j.
d) By a and c,

[(u) = l(uvo™") < l(ww) + (v = 1(uwv) + I(v).

e) This follows directly from b, ¢ and d.

It T C S, write Wy for the subgroup of W generated by T'. Define Wy to be
the trivial group (i.e., Wy = {1}). If Wy is finite, Wy is called a special subgroup.
If Wr is a special subgroup and w € W, the conjugate subgroup wWpw™! is
called a parabolic subgroup. If G is a parabolic subgroup of W, define the
parabolic rank, rk(G), to be |T|, where T € S(S) is such that G = wWpw™!
for some w € W. Let P(S) be the set of all parabolic subgroups of W and let

Pi(S) be the set of parabolic subgroups of W with parabolic rank equal to k

Theorem 3.2.2 (see [22], Theorem 5.5 (a)) If T'C S then Wr has a presenta-
tion of the form

<T:(st)™D s teT>.

Thus, for any 7" C S, Wr is also a Coxeter group. With this in mind, for any

w € Wr we may define
lp(w) =min{n : w=tity---t,, t; € T}.

Some important facts about special subgroups of Coxeter groups are contained

in the following theorems.
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Theorem 3.2.3 (see [22], Theorem 5.5 (b)) Let T C S. If w € Wy, then
lr(w) = lg(w).

A consequence of Theorem 3.2.3 is the following corollary.
Corollary 3.2.4 Let A, BCS. If Wy = Wp, then A= B.

Proof: Let a € A. By Lemma 3.2.1 b, [4(a) = 1, so we have

by Theorem 3.2.3. Applying 3.2.1 b, we see that a € B and so A C B. The
same argument shows that B C A and hence, A = B. O

The following result is particularly useful in the theory of Coxeter groups.

Theorem 3.2.5 (see [22], Corollary 5.10 (¢)) If A, B C S, then
WainNWpg =Wans.

3.3 The Geometric Representation

We now discuss some useful ways of representing Coxeter groups as groups
that act on vector spaces or subsets of vector spaces. In particular, we will see
that Coxeter groups are reflection groups.

Fix a Coxeter system (W,S,m), where n = |S|, and let V be a vector
space over the field R with basis {e;}secs in one-to-one correspondence with the
elements of S. Let

B:VxV—R

be the bilinear form on V' defined by

Bes, &) = — cos (m(Z, t))
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for all s,t € S. If m(s,t) = oo, then define B(es, e;) = —1. The bilinear form B
is called the canonical bilinear form associated with the Coxeter system (W, S).
Let

a: W — GL,(V)

be the map defined by
a(s)(x) =x — 2B(es, v)es

for all s € S and all x € V. Thus, for each s € S, the image «(s) acts by
reflection on V fixing the hyperplane H, orthogonal to e;.

The following results are due to J. Tits.

Theorem 3.3.1 (J. Tits, [6], p. 93) The map « is a faithful representation of
the Cozeter group W into GL, (V') (where GL, (V') is the group of nonsingular

linear transformations of V).

The homomorphism « is called the geometric representation of W. This
allows us to view each r € Rg as a reflection on the vector space V fixing a
hyperplane H, in V. Unfortunately, the collection {H, },cr, may not be locally
finite, so W may not act as a reflection group on W. The following theorem

remedies the situation.

Theorem 3.3.2 (J. Tits) Let V* be the dual space to V. There exists a faithful
representation

oW — GL, (V")
and an open convex set C C V*, invariant under o* (W), such that o*(W) acts

as a reflection group on C.
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In light of Theorem 3.3.2, we may regard any Coxeter group as a reflection
group. The subset C of V* is called the Tits cone. For discussion and proofs of
Theorems 3.3.1 and 3.3.2, see [22], Corollary 5.4 and Theorem 5.13, respectively.

A Coxeter system (W, S) is said to be irreducible if the Coxeter graph I's
is connected. It is appropriate to note here that all irreducible systems (W, .S)
with finite W have been classified. In other words, there is an (infinite) list
of Coxeter graphs such that, if W is a Coxeter group with irreducible Coxeter
system (W, .S), then the Coxeter graph I's appears in the list (cf. [22], Chapter
2). The canonical bilinear form B is instrumental in this classification.

Given a real vector space W and bilinear form A : W x W — R, the form
A is said to be positive definite if A(w,w) > 0 for all nonzero w € W. The

following theorem is due to Witt [32].

Theorem 3.3.3 (Witt [32]) Let (W, S) be a Coxeter system. Then W is finite
if and only if the canonical bilinear form B associated with (W, S) is positive

definite.

A connected graph T is a tree if T contains no cycles. With this definition

in hand, we use Theorem 3.3.3 to prove:

Corollary 3.3.4 If (W, S) is an irreducible Cozeter system with W finite, then

the Coxeter graph I's is a tree.

Proof: Assume W is finite with irreducible Coxeter system (W, S). Enumerate
S as S = {s1,...,8k}. Suppose vy, vs,..., v, are the vertices of a cycle in the
Coxeter graph I's. Then m(v;, v;41) > 3 for 1 < i < n (where v,11 = v;). Let V
be a real vector space with basis {e;,, es,, ..., e, } in one-to-one correspondence

with S and we assume without loss of generality that e;, = e,, for 1 <1 < n.
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Let x € V' be the vector
r=es +eg + - +e€g,.
By direct computation we see that
B(z,z) =n+2) Ble,es).
i<j

Since Bley,, e,,,,) < —cos% = —3 for 1 < i < n and B(e,,, e5,) < 0 for i < j,
it follows that B(z,z) < 0. By Theorem 3.3.3, W is infinite, contradicting our
assumption that W is finite. O

Corollary 3.3.4 allows one to detect some infinite Coxeter groups by direct

inspection of the Coxeter graph: if the graph contains a cycle, it is necessarily

infinite.

3.4 Simplicial Complexes Associated with Coxeter Groups

We now describe the constructs which provide the link between the theory
of Coxeter groups and geometry. Much of the material in this section follows
R. Charney and M. Davis, [11], [12], and [13]. Details on abstract simplicial
complexes may be found in [25].

Given a set X, a family A of finite subsets of X is an abstract simplicial
complex if, whenever A € Aand B C A, then B€ A. If A€ A, and |A| = k+1,
Ais called a k-simplex. A singleton in A is called a vertex. Denote the collection
of vertices of A by V(A). An abstract simplicial complex .4 may be represented
as a simplicial complex (called the geometric realization and denoted geom(A))
in the topological sense in the following manner: the vertex set of geom(A) is
in one-to-one correspondence with the set of singletons in A. The set of edges

is in one-to-one correspondence with the two-element sets in A. Proceeding
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inductively, the set of k-dimensional simplices is in one-to-one correspondence
with the elements of order k + 1 in A. The space geom(A) is given the “weak
topology” with respect to its simplices.

If A is an abstract simplicial complex with A € A, and B C A with |B| =
k 4+ 1, the simplex B is called a k-dimensional face of A. If A,B € A have
dimension n, the simplices A and B are said to be adjacent if they share an
(n — 1)-dimensional face. A simplex A is mazimal in A if it is not properly
contained in any other simplex of A. Abstract simplicial complexes A and B

are isomorphic if there is a bijection

U: V(A — V(B)
such that

A={ap,a1,...,a;}

is a k-simplex in A if and only if

{U(ap), ¥(ay),...,Y(ax)}

is a k-simplex in B.

If P is a partially ordered set (poset), let P’ be the set of all finite chains of
P. The poset P’, partially ordered by inclusion (of finite chains) is an abstract
simplicial complex (P’ is called the derived poset of P). Thus there is a k-simplex

in geom(P’) for every chain
To <1 <+ < Ty

of length k41 in P. If o € P, let P,> be the subposet of all elements in P less
than or equal to a. Define the subposets P,~, Pa<, and P, similarly.

For the remainder of this section, let (W, S) be a fixed Coxeter system. Let

S(S)={T C S : Wr is finite}
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be the set of subsets of S which generate special subgroups of W. With a partial
ordering of set-theoretic inclusion, S(S) — () is an abstract simplicial complex.
Let N(S) denote its geometric realization. N(.S) is called the nerve correspond-
ing to the system (W, S). Thus there is a vertex in N(.S) for each element s € S,
and edge in N () for each pair {s,t} € S(9), etc. Let N*(S) denote the collec-
tion of maximal simplices of N(S) (i.e., N*(S5) is the set of all simplices of the
nerve N(S) which are not properly contained in another simplex of N(.5)).

M. Davis has constructed a simplicial complex 3(S) such that W acts by

reflections on X(.5). It is described as follows: Let
WS(S) = {wWr:weW, Wr eS(5)}

be the set of all cosets in W of all special subgroups of W. Partially order
WS(S) by set-theoretic inclusion. The following result describes this partial

order explicitly.

Lemma 3.4.1 [fulW,,vWg € WS(S5), then uW, < vWp if and only if A C B

andv~'u € Wg (where the symbol “<” denotes the partial ordering on WS(S).).

Proof: Suppose ulW, < vWg. This means that ulW,4 C vWpg and therefore

v uWy C Wp. Since v—tu € v uWy, it follows that v='u € Wg. Now assume

a € A. In this case, v"'ua € W and, since (v"'u)~! € Wpg, we have

a= (v tu)te (v iu) Wi = Wp.

Therefore a € Wg. By Lemma 3.2.3,

By Lemma 3.2.1 b, this is possible if and only if ¢ € B. This implies that A C B.
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For the reverse implication, suppose A C B and v~'u € Wg. Then
Wi CWg=utoWsg.

It follows that uW4 C vW5. O
Define
%(S) = geom((WS(S))")

to be the geometric realization of the derived poset of WS(S). Thus there is a

k-simplex in 3(S) for each chain of the form
w(]WTO < ’LU1WT1 < e K kaTk'

Theorem 3.4.2 (M. Davis, [13]) W acts simplicially on ¥ by left translation.

Moreover, if r € Rg then r acts by reflection on X.

The complex ¥(S5) is called the Davis complexr corresponding to (W, S).
When there is no confusion we delete the “S” from the notation and write X

for the Davis complex. Let
K = geom((WS(S))iy,<).

In other words, K is the geometric realization of the derived subposet of elements
in WS(S) which are greater than or equal to Wj. The subcomplex K is the
fundamental chamber of ¥ (note that K is isomorphic to geom((S(S))’)).
Theorem 3.4.2 provides another example of the fact that all Coxeter groups
are reflection groups.
The link between the theory of Coxeter groups and geometry is provided by

the following result.
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Theorem 3.4.3 (G. Moussong, [24]) There is a piecewise Euclidean metric dy;
on X such that (3,dyy) is a CAT(0) space. Moreover, the action of W on ¥ is

proper, cocompact and by isometries (hence Cozeter groups are C AT (0) groups).

The metric dy; is called the Moussong metric. Combining Theorem 3.4.3 with

Theorem 2.4.5, we have:

Corollary 3.4.4 Cozeter groups have solvable conjugacy problem.

Prior to Moussong’s result, K. Appel and P. Schupp [3] had shown that
Coxeter groups of “extra-large type” (i.e., m(s,t) > 4 when s # t) have solvable
conjugacy problem. Moussong’s result provides the only known solution to the

general question of conjugacy in Coxeter groups.
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4 The Rigidity Question

4.1 The Davis Complex Revisited

In this section we fix an arbitrary Coxeter system (W, S). Recall that if
r € Rg is a reflection in W, then r acts by isometry on the Davis complex ¥(.5)
as a reflection. Denote the wall corresponding to r by 3(S)". More generally, if

H < W is a finite subgroup of W, we define
SO ={reX(S):gr==xforall g€ H}

to be the subset of ¥(.S) which is fixed point-wise by each element of H (recall
that by Theorem 2.4.3, H must fix some point of ¥(S)). Once again, when
there is no confusion we delete the “S” from the notation and write X for the
set of points in X fixed by H.

The following result characterizes the nature of the action of infinite sub-

groups of W on 3.
Lemma 4.1.1 If H is an infinite subgroup of W, then X = ().

Proof: We prove the contrapositive. Suppose 2 #£ () and let z € ¥ be a
point of ¥ fixed by H. By Theorem 3.4.3, the action of W on X is proper which
implies that staby (z) is finite. Since H is a subgroup of staby (z) it follows
that H is finite. O

The following result may be found in [11].
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Lemma 4.1.2 (R. Charney, M. Davis, [11]) Let Gy, G2 be parabolic subgroups
of W.

a) If G1 and Gy are finite, then G1 N Gy is a parabolic subgroup of W.

b) [f G1 Q G2 and T’k(Gl) = 'I"k(GQ), then G1 = GQ.

The next result follows immediately from Theorem 2.4.3 and Lemma 4.1.1.

Corollary 4.1.3 Let G and Gy be parabolic subgroups of W, and let GG be the

subgroup generated by G1 U Gy. Then ¢ = 0 if and only if G is infinite.

4.2 Definitions and Results

Recall that a Coxeter group is rigid if, for any Coxeter systems (W,.S)
and (W, S") there exists an automorphism p : W — W such that p(S) = 5.
Note that W is rigid if and only if I's and I'gs are graph isomorphic. Since the

dihedral group Dg has presentations
<wzy:a’ g (vy)° >,

as well as

< a,b,c:a*b* c, (ab)?, (ac)?, (bc)® >,

it is immediate that not all Coxeter groups are rigid (an example of infinite
Coxeter group which is not rigid is provided by considering the free product
Zs * Dg). There are certain classes of Coxeter groups which have been shown

to be rigid.
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Theorem 4.2.1 (D. Radcliffe [29]) If (W, S,m) is a Coxeter system such that
m(s,t) € {2,00} for all distinct s,t € S,

then W is rigid (a group equipped with such a system is said to be “right-

angled”).

Recall that a simplicial complex K is an n-dimensional homology manifold

if for every vertex v € K,

ms s - ={ 5 i

and that K is a homology n-sphere if

Hi(K):{Z if i=0,n .

0 if i#n

Theorem 4.2.2 (R. Charney, M. Davis [11]) Let (W, S) be a Cozeter system
such that N(S) is an (n — 1)-dimensional homology manifold and a homology
(n — 1)-sphere. If (W, S") is any other Cozeter system for W, then there exists

a unique w € W such that wSw=' = 5’

Charney and Davis say that a Coxeter system which satisfies the hypotheses of
Theorem 4.2.2 is of “type HM,.” In the same paper they prove an analogous
result in the case that the nerve N(S) is an (n — 1)-dimensional pseudomanifold
and H,_1(N(9)) = Z.

In both the right-angled case and the type H M, case we see that the struc-
ture of Coxeter graph must be sufficiently restricted in order to obtain rigidity.
For example, in the right-angled case, every edge of the graph has label occ.

In the setting of Theorem 4.2.2, the homological structure imposed on the

nerve induces strict requirements on the isomorphism-type of the Coxeter graph
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as well as the labeling scheme. We illustrate this in the case that (W, S, m) is a
type H M, Coxeter system. In order to do so we introduce the modified Coxeter

graph fs defined as follows:
a) The vertex set of Tg is equal to S
b) Each pair of vertices s,t € Ty is joined by an edge labeled by m(s,t).

Thus the standard Coxeter graph I'g is obtained from the modified Coxeter
graph fs by deleting the edges labeled “2” in fs and removing the label from
any edge in 'y labeled “3.” If (W, S) is of type HMj,, the nerve N(S) is a

topological 1-sphere, and the modified Coxeter graph fs has the following form:

1. Tg is the complete graph on |S| vertices (a graph is said to be complete if

every pair of vertices is joined by an edge);

2. For any vertex p in fs, the cardinality of the set
{t€ S:m(t,p) < oo}
is equal to 2.

Generally speaking, the local topology of the Davis complex is complicated.
The homological hypotheses of Theorem 4.2.2 have the effect of reducing the

complexity of the Davis complex significantly, as the following result illustrates.

Theorem 4.2.3 (R. Charney, M. Davis, [11]) Suppose (W,S) is type HM,,.
Then, for each T € S(S) with |T| =k, ¥V is a homology (n — k)-manifold. In

particular (for T =0), 3 is a homology n-manifold.
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Theorem 4.2.3 leads Charney and Davis to conclude:

Theorem 4.2.4 (R. Charney, M. Davis, [11]) If (W, S) and (W, S") are Cozeter
systems for W, then (W, S) is type HM, if and only if (W, S") is type HM,,.

Thus it makes sense to define a Coxeter group W to be of type HM,, if any
Coxeter system (W, .S) is of type HM,,.

Recall that for each positive integer k,
Pi(S) = {wWrw™ CW:we W and T € §(5) with |T| = k}

is the set of S-parabolic subgroups of W of rank k. Theorem 4.2.3 enables

Charney and Davis to show the following crucial result (also found in [11]).

Theorem 4.2.5 (R. Charney and M. Davis, [11]) If W is of type HM, and
(W, S) and (W, S") are Cozeter systems for W, then for each positive integer k,

Py(S) = Px(S"). In particular, if r € Rg, then r acts by reflection on %(.5).

When pursuing the rigidity question for Coxeter groups, Coxeter systems
(W, S,;m) and (W,S’,m’) are given and one tries to produce an automorphism
p of W that carries S to S’. In particular it is necessary that, for each pair
s, t €S,

m(s,t) =m/(p(s), p(t)).
We shall see that this consideration partially manifests itself topologically in

the Davis complex. By Corollary 4.1.3, m(s,t) < oo if and only if
Y(S) N B(S) = 2(9)Veser £ (.
If one knows that Rg = Rg/ (as in the HM,, case), we see that

3(9)7) N 2(9)PD = (S)Wieerewy £
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is necessary to ensure that m/(p(s), p(t)) < oco. In other words, when it is known
that p(s) and p(t) act by reflection on %(S) (eg., if Rg = Rg/) we examine the
fixed-point sets $(S)7*) and X(S5)*®). If they intersect, then m/(p(s), p(t)) < oo.

Similarly, m(s,t) = oo if and only if
Y(S) N X(S) = 2Wenr = (),
When Rg = Rg/, it is necessary that
2(S)7) N 8(S)P0 = B(S)Wiseret =

to ensure that m/(p(s), p(t)) = oo. It is therefore essential to understand the
interaction of the walls corresponding to the elements of Rg within the Davis

complex ¥(5).
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5 Rigidity in Coxeter Groups of Type K,

5.1 Coxeter Groups of Type K,

It is natural to consider the consequences of relaxing the hypotheses of
Theorem 4.2.2. With this in mind, we define a Coxeter system (W, .S, m) to be

of type K, if
1. the Coxeter graph ['g is the complete graph on n vertices;
2. for all s,t € S, m(s,t) is odd.

The structure of Coxeter systems of type K,, imposes a structure on the nerves

of such systems, as the following lemma shows.

Lemma 5.1.1 If (W,S) is a Coxeter system of type K, then the nerve N(S)

1s the complete graph on n vertices.

Proof: Recall that the vertex set of N(S) is equal to S, so N(S) has exactly n
vertices. If s,t are vertices of N(S), then m(s,t) < oo and so W,y is a finite
subgroup of W. We conclude that the vertices s and ¢ are joined by the edge
{s,t} in N(S). If a,b,c € S, then a, b, c are the vertices of a cycle in I'g (since
the graph I'g is complete). By Corollary 3.3.4, the subgroup Wy, is infinite,
so the set {a,b,c} cannot be a 2-simplex in N(S). Therefore N(S) is a graph
with n vertices with the property that each pair of vertices is joined by an edge.
In other words, the nerve N(S) is the complete graph on n vertices. O

With Lemma 5.1.1 in hand we note the similarity between Coxeter systems
of type HM, and Coxeter systems of type K,. In each case, the (modified)

Coxeter graph is a complete graph (cf. Section 4.2). If (W,S) is a Coxeter
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system of type H Ms, then for any vertex v in the modified Coxeter graph fs,
all but two of the edges emanating from v in fs have infinite label (as in the
discussion on page 39). If (W, S) is a type K,, Coxeter system and v is a vertex
in the Coxeter graph I's = fg, then every edge emanating from v has finite
label. We require that every edge label is odd in order to ensure that every
element in W of order two is a reflection (cf. Lemma 5.4.4).

This chapter will be devoted to showing that if (W,.S) is of type K, and
(W, S") is any other Coxeter system, then I'g is isomorphic to I's,. In certain

cases, this is sufficient to conclude that W is rigid.

5.2 Conjugacy of Maximal Special Subgroups

If G is a group and H is a subgroup of G, then H is said to be maximal if

for every subgroup K of G with

either K =G or K = H.

Let (W, S) be a Coxeter system. Recall that WS(S) is the poset of all cosets
of special subgroups in W (with a partial ordering of set-theoretic inclusion).
If G is a finite subgroup of W, let F/(G) be the subposet of WS(S) fixed by G.
Specifically,

F(G) ={wWr e WS(S) : G- wWrp = wWr}

= {wWr € WS(S) : G CwWrw '}

Lemma 5.2.1 If G is a mazximal finite subgroup of W, then G € P(S) (i.e., G

is an S-parabolic subgroup of W ).
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Proof: Since G is finite and ¥ is a CAT(0) space, Theorem 2.4.3 states that
the fixed-point set of the G-action on the Davis complex ¥ is nonempty. By
Theorem 3.4.2, the action of G on ¥ is simplicial and, by Lemma 3.1.7, the
G-action is free on the set of chambers of ¥. We deduce that G must fix a
vertex v of ¥ (i.e. v = wWr for some w € W and T' € §(5)). It follows that

1

G is contained in the parabolic subgroup wWrw™" and, since GG is maximal,

G = wWprw™. O
The following result provides a characterization of the subposets of the col-

lection of cosets in WS(S) fixed by special subgroups of W.

Theorem 5.2.2 (Charney-Davis [11]) Let A € N(S) be a simplex in the nerve
and let wWyp € F(Wa) (i.e., wWr is a coset fized by the action of W4 on the
poset WS(S)), then

a) the subposet F(W4)ww,> is isomorphic to the poset of faces of a convex
cell of dimension |T| — |Al;
b) the subposet F'(Wr)wwy< is isomorphic to S(S)7<
Inherent in the structure of Coxeter groups of type K, (as well as type H M,
and right-angled groups) is the fact that all maximal parabolic subgroups have
equal rank. In other words, each maximal simplex in the nerve has the same
dimension. It is also apparent that the nature of the collection of parabolic

subgroups is intrinsic to the topology of the Davis complex: each simplex in X

corresponds to a chain of cosets
lUlWTl < ’(UQWT2 < ... < kaTk
which in turn determines a sequence of parabolic subgroups

-1 -1 -1
i Wrwy , walWp,wy . wWrw,
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It is then natural to investigate the conjugacy classes of maximal parabolic
subgroups. With these thoughts in mind, let k& be a fixed positive integer. A
Coxeter system (W, S) has condition k if for every maximal simplex A € N*(S5),
the set A satisfies |A| = k. Note that this is equivalent to the statement that
for every maximal simplex A € N*(.S) in the nerve N(S), the special subgroup

W4 has parabolic rank k.

Lemma 5.2.3 Assume that the Cozeter system (W, S) has condition k. If G is

a mazximal finite subgroup of W, then rk(G) = k.

Proof: By Lemma 5.2.1, G is a parabolic subgroup of W, so G = wWpw™? for
some w € W and T € §(5). If T € N*(S), then we are done. Otherwise, T
must be properly contained in some maximal simplex A € N*(.S). If this is the

1

case, then GG is properly contained in the finite parabolic subgroup wW w™",

contradicting the maximality of G. |

Lemma 5.2.4 Assume that the Coxeter system (W, S) has condition k. If A €
N*(S) is a mazimal simplex in the nerve, then Wy is a maximal subgroup of

W. In particular, the set
F(Wa) = {wWr € WS(S) : Wa = wWrw '}
is equal to the conjugacy class of W4 in W.

Proof: Let G be a maximal finite subgroup of W with W, C G. By Lemma 5.2.1,
G is a parabolic subgroup of W and, by Lemma 5.2.3, rk(G) = rk(W4) = k.
Therefore, by Lemma 4.1.2 ¢, G = W4. O

As indicated, we intend to shed light on the nature of the conjugacy classes

of maximal parabolic subgroups in Coxeter systems which have condition k.
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To do so we need only consider the conjugacy classes corresponding to special
subgroups of the form W,, where A € N*(S) is a maximal simplex in the nerve.
With Lemma 5.2.4 in hand this is equivalent to investigating the fixed poset
F(Wy). The next result shows that, given an arbitrary Coxeter system (W, .S)
and a maximal simplex A € N*(S) such that Wy is a maximal subgroup (such
a situation occurs when a Coxeter system has condition k) the composition of

F(W4) is quite simple.

Lemma 5.2.5 Let (W,S) be an arbitrary Coxeter system and let A € N*(S)
be a mazimal simplex in the nerve. In addition, suppose that W, is a maximal

finite subgoup of W. If wWry € F(Wy), then F(Wa)ww,> is a singleton.

Proof: By Theorem 5.2.2 a, the subposet F'(W4).,w,> is isomorphic to the poset
of faces of a convex cell of dimension |T'| — |A|. Since wWr € F(W4)ww,>, the
subposet F'(W4)ww,> is nonempty. We conclude that |T'|—|A| > 0 and therefore
IT| > |Al|. Since W4 = wWrw™!, it follows that w™'W, € F(Wr) and, once
again by Theorem 5.2.2 a, |A| > |T|, implying that |A| = |T'|. Therefore the
dimension of the aforementioned cell is zero and the result follows. a

The following observation is crucial to the subsequent development of the

theory of type K,, Coxeter groups.

Theorem 5.2.6 Let (W, S) be an arbitrary Cozeter system and suppose that
A and B are distinct simplices in the nerve N(S). If Wa and Wg are mazimal

special subgroups of W, then W4 and Wy are not conjugate in W.

Proof: Since W, is a maximal finite subgroup of W, the fixed poset of W4 acting

on W&(S) is given by

F(Wy) = {wWr : Wy = wWrw™ '}
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It suffices to show that F(W4) — W4 = (). To this end we suppose the contrary.
Let wWyp € F(W,) with wWyr # W,. By Lemma 5.2.5, F(Wy),uw,> is a
singleton. It follows that ¥4 is a collection of O-cells and, in particular, contains
no non-constant path. Since W acts by isometry on the Davis complex ¥, the
(unique) geodesic segment [W4, wWr] is contained in the wall ¢ for each o € A.
This implies that

(Wa,wWr] C (] 2% = 5",
acA
which is impossible. O

Corollary 5.2.7 Assume that the Cozeter system (W,S) has condition k. If

(W, S") is another Coxeter system for W, then there exists a bijection
61 N*(S) — N*(S)
of maximal simplices of the associated nerves.

Proof: Assume that A € N*(S) is a maximal simplex in the nerve N(S). By
Lemma 5.2.4, the special subgroup W, is a maximal finite subgroup of W.
Applying Lemma 5.2.1, we see that W, is a S’-parabolic subgroup, so there is
aw € W and A" € §(5) such that W4 = wWw™'. Theorem 5.2.6 implies
that A’ is unique. Since Wy is a maximal subgroup of W, it follows that A’
is a maximal simplex in the nerve N*(S’). By letting ¢(A) = A’, we have

WA = wW(b(A)w*l. O

5.3 The Schur Multiplier of a Coxeter Group

In [21], R. Howlett provides a remarkable algorithm for computing the
second cohomology of a Coxeter group W with system (W, S). This algorithm

relies only on the isomorphism-type and labeling scheme for the graph I'g.
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Let G be a group and let C* be the multiplicative group of complex numbers

with trivial G-action. The Schur multiplier, Mult(G), of G is defined as
Mult(G) = H*(G,C).
If (W, S, m) is a Coxeter system, let
Ay = {{s,t} C S :m(s,t) =2}.

Write {s,t} ~ {s,t'} if {s,t},{s,t'} € Ay and m(t,t') is odd. Let ~ be the
equivalence relation on A, generated by =~ . Let Fig be the graph obtained by

deleting from I'g the edges with even label. Define
is = the number of edges of ['g with finite edge label;
vg = the number of equivalence classes of ~ on Aj;
(s = the number of connected components of I'.
Theorem 5.3.1 ( R. Howlett [21]) If (W, S) is any Cozeter system for W, then

MUlt(W) ~ ZSS+V5+CS*|S|_

S. Pride and R. Stohr (28], Corollary, p. 62) prove a similar result in the
case that (W, S) is “aspherical” (i.e., any three distinct elements of S generate

an infinite subgroup of W).

5.4 Coxeter Graphs for Groups of Type K,

Unless otherwise stated, we assume throughout this section that (W, S, m)

is a Coxeter system of type K,,. In this case we have
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1. the nerve N(S) is the complete graph on n = |S| vertices (note that this

implies that the Coxeter system (W, .S) has condition 2 (cf. Section 5.2);

2. each edge {s,t} in the Coxeter graph I'g corresponds to a maximal simplex

{s,t} in the nerve N(S5);

3. for each edge {s,t} in the Coxeter graph I'g, the corresponding special
subgroup Wy, is a maximal finite subgroup of T and is isomorphic to a

dihedral group of order 2m(s, t);

4. if n > 3, then for any s € S, the special subgroup Wy, can be expressed

as
n—1

Wiy = ﬂ Wa,s

i=1

where {A4;}1-) is the collection of edges in I's containing the vertex s (this

is a direct consequence of Theorem 3.2.5).

Given a Coxeter system (W, S), recall that for each positive integer k, the
set Pr(S) is the collection of S-parabolic subgroups of W which have parabolic

rank & The following result is proved in [11].

Theorem 5.4.1 (R. Charney, M. Davis, [11]) Suppose (W, S) and (W, S") are
Cozxeter systems for any Coxeter group W. If P(S) = Pi(S’), then P.(S) =
P(S") for all k > 1.

We use this to prove the following analog of Theorem 4.2.5.

Theorem 5.4.2 Let (W, S) be a Cozxeter system of type K,, and let (W,S") be

another Cozeter system for W. For all k > 1, Pi(S) = P(5").

Proof: By Theorem 5.4.1, it suffices to show that P;(S) = P;(S’). We consider

three cases.
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Case 1. If n = 1, then the subgroup lattice of W consists of the trivial subgroup
and W itself. Thus P(S) =W = P,(S5").

Case 2. If n = 2, then W is isomorphic to the dihedral group Dgj,, for some
k > 1 and W is the full symmetry group of a regular (2k 4+ 1)-gon P in
R% Since S = {s1, 52} generates W, and each element of S has order 2,
there are lines of symmetry L; and L through P such that s; (resp. s2)
acts on P by reflection through the line L; (resp. L) (every symmetry

of P with order 2 is a reflection because P has an odd number of sides),

and L; and Ly form an angle of where ¢ and 2k + 1 are relatively

qm
2k +1
prime. Note that each line of symmetry through P corresponds uniquely
to a reflection r € Rg. Since each s’ € S’ has order 2, s’ acts on P by
reflection through a line of symmetry Ly and is therefore conjugate in W
to an element of S. Let G € P(S). Then G = wWygw™" for some s € S
and w € W. Choosing any s’ € S” we see that there is an element v € W

such that s = vs'v™!. It follows that
G =wWiyw ' = {L,wsw '} = {1, wvs'v v} = woWigy (wo) ™

Consequently G € Py(S’) and so P(S) € Pi(S’). The same argument
shows that P (S") C P ().

Case 3. Assume n > 3. Choose G € P;(S). Then G = wWigqw™" for some s € S

and w € W. Letting {A;}"~}' be the collection of edges of I's containing

n—1
G=w <ﬂ WAZ,> w?

m wWAw

s, we have
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By Corollary 5.2.7, we know that for each 1 < i < n — 1, the subgroup

1

wW4,w™! is an S’-parabolic subgroup (i.e., wW4,w™! € P(S’")) and, by

Lemma 4.1.2 a, the intersection of parabolic subgroups is a parabolic

subgroup. Therefore G € P;(S’), implying that P;(S) C P (5").

Now choose G € P;(S’) Then G = vWv! for some v € W and
t € 5. Let B € N*(S5') be a maximal simplex in the nerve N(S’) such that
Wy € Wp (the vertex t € N(S') is contained in some maximal simplex
B € N*(S’) in the nerve N(S")). By Corollary 5.2.7, Wp = ulW,u™" for
some u € W (where A = ¢~!(B) € N*(9) is a maximal simplex in the

1

nerve N(S)). The parabolic subgroup uWW4u~" is isomorphic to a dihedral

I and has

group Doy 1, for some positive integer k. Also, v™1tv € uWu~
order 2, implying that v™'tv € Rg (any element in Doy of order 2 is a
reflection). Hence t € Rg. This implies that Wy € Pi(S) and therefore
G € Pi(5). We now have P;(S") C P;(S) which completes the proof in

the case that n > 3.

Thus for every positive integer n we have the desired result. O

As a consequence we have:

Corollary 5.4.3 Let (W,S) be a Coxeter system of type K,, and let (W,S) be
any other Cozeter system for W. Let ¢ : N*(S) — N*(S’) be the bijection as
in Corollary 5.2.7. If {a,b} is an edge in N(S), then ¢({a,b}) is an edge in
N(S").

Proof: The edge {a,b} corresponds to the S-parabolic subgroup Wi, sy, which
has parabolic rank 2. By Corollary 5.2.7, W, = wW¢({a,b})w_1 for some
w € W and, by Theorem 5.4.2, wW¢({a7b})w*1 has parabolic rank 2 as well. In
other words, ¢({a,b}) is an edge in N(S"). O
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Though Corollary 5.2.7 gave us a bijection between the maximal simplices of
the nerves, prior to Theorem 5.4.2 we were unable to determine whether the
bijection was dimension preserving.

Given a Coxeter system (W, S) of type K, and any other Coxeter system
(W, S) for W, we now intend to show that the Coxeter graphs I's and I'gs are
isomorphic (as simplicial complexes). This is accomplished by establishing that

the number of vertices and edges of I'ss are the same as those of I'g.

Lemma 5.4.4 Let (W, S, m) be a Cozeter system of type K,,. If (W,S’,m’) is

any other Coxeter system for W and {p,q} € S(S"), then m/(p,q) is odd.

Proof: Suppose m’(p, ¢) is even for some p, ¢ € S’. In this case, Wy, ;1 cannot be
a maximal subgroup of W (every maximal finite subgroup of W is isomorphic
to a dihedral group Dsgyyq for some integer £k > 0). By Lemma 4.1.2 c, if
B € §(5') is such that Wy, 4 is properly contained in Wp, then |B| > 3. By
Theorem 5.4.2, Py(S") = Py(S) = 0 for k& > 3. Thus m/(p,q) must be odd,
contradicting our assumption that m/(p, ¢) is even.. O

Recall that if (W, S, m) is a Coxeter system for W, then pug is the number of

edges in the Coxeter graph with finite edge label.

Lemma 5.4.5 Let (W, S, m) be a Cozeter system of type K,,. If (W,S’,m’) is

another Cozeter system for W, then us = pgr.

Proof: Let {a,b} be an edge in I's. Since m(a,b) is odd (and therefore finite),
{a, b} is also an edge in N*(.5). By Corollary 5.2.7 and Corollary 5.4.3, the edge
{a,b} corresponds uniquely to an edge ¢({a,b}) in N*(S’) for some p,q € S’
(where ¢ is the bijection of Corollary 5.2.7), so ¢({a,b}) is an edge in I's.
Therefore pg: > ps. If {p,q} is an edge in I'ss with m/(p, q) # oo, the previous

argument reverses, showing that us < pug. |
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Theorem 5.4.6 Let (W,S,m) be a Coxeter system of type K,. If (W,S’,m’)

is another Cozeter system for W, then |S| = |S’|.

Proof: By Lemma 5.4.4, m/(s,t) is odd for all s, € S(5”). From this we conclude

that vg = 0 and (¢ = 1 (there are no even edge labels). By Theorem 5.3.1,
245 = Ml (W) 2= zZlys I

Lemma 5.4.5 forces |S| = |95'|. O

From this we deduce:

Corollary 5.4.7 If (W, S, m) is a Cozxeter system of type K, and (W,S’,m’)

1s any other Cozeter system for W, then
a) the Cozeter graphs I's and I's: are isomorphic (as simplicial complezes);
b) the nerves N(S) and N(S') are isomorphic (as simplicial complexes);

c) the set of edge labels appearing in T's is precisely the set of edge labels

appearing in s (counting multiplicity).

Proof: Coxeter graphs have the property that the endpoints of every edge are
distinct (i.e., they have no loops). Up to isomorphism, there is only one such
graph which has |S| vertices and pg edges (the maximal number of edges pos-
sible). Thus I'g is isomorphic to I'g:. By Lemma 5.4.4, each edge label of T'g/ is
odd. This implies that (W, S’) is a Coxeter system of type K, as well.

By Lemma 5.1.1, N(S’) is the complete graph on n vertices, so N(S) is
isomorphic to N(5").

The bijection ¢ : N*(S) — N*(S’) of Corollary 5.2.7 provides a well-

defined one-to-one correspondence between the conjugacy classes of maximal
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S-special subgroups and maximal S’-special subgroups: [Wys ] — [Wes.]
(where (Wi, 4] denotes the conjugacy class of the subgroup W4 in W). Thus
each label m(s,t) appearing in I'g corresponds uniquely to the same edge label
inI's. d
We emphasize that Corollary 5.4.7 provides an isomorphism in the simplicial
complex sense (as in page 32). The graphs I's and I'ss are not necessarily
graph-isomorphic (as defined on page 25).

In light of the preceeding discussion, if (I, S) is a Coxeter system of type
K,,, then any other Coxeter system for W is also of type K,; we may therefore
define a Coxeter group to be of type K, if it has a Coxeter system of type K,,.

Enumerate S as

S = {81,82,...,8n}.

For 1 <i<mn, let

S,;:{sl,...,éi,...,sn}.

Let
Diag(S) = {(si,s;) € S x S:i=j}.

With this notation in hand we may state a rigidity result in a special case
for Coxeter systems of type K,, the proof of which follows immediately from

Corollary 5.4.7.

Corollary 5.4.8 Let (W,S,m) be a Coxeter system of type K,. Suppose that

for some 1 <i<j<mn,
m’(SiXSj—Diag(S)) 1 (S; x Sj — Diag(S)) — N

s constant. Then W is rigid.
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The second hypothesis is equivalent to the statement that all but one of the
edge labels on I'g are the same.

Note that if W is of type K5, then W is isomorphic to a dihedral group
Doy for some K > 1 and satisfies the hypothesis of Corollary 5.4.8. As a

consequence we have:

Corollary 5.4.9 If W s a Coxeter group which is isomorphic to a dihedral

group Doyyq for some k > 1, then W is rigid.

Within the class of Coxeter graphs of type K, Corollary 5.4.8 provides an
infinite subclass of type K, Coxeter groups which are indeed rigid (namely type
K, groups such that all but one edge label differs from the others). For the
remainder of this paper we discuss a strategy for extending rigidity to the entire
class of type K, Coxeter groups. This approach requires a deeper understanding
of the Davis complex, and in particular the interaction of the walls contained
within. While not providing a definitive answer to the rigidity question for type
K, Coxeter groups, this strategy yields both algebraic and geometric informa-
tion and it hoped that such an approach will open up avenues for exploration,

especially in the geometric vein via the theory of CAT(0) groups.
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6 Centralizers in Coxeter Groups of Type K,

6.1 Extending Rigidity

From the discussion of Section 4.2, it is clear that the key to a rigidity
result for Coxeter groups of type K, is understanding the intersection of walls
corresponding to reflections in the Davis complex. In this chapter, we consider
a strategy which provides a partial understanding. In the spirit of geometric
group theory, this strategy involves the examination of group actions on these
walls.

As mentioned in Section 5.1, the Coxeter groups of type K, are a natu-
ral generalization of the Coxeter groups of type HM,. The type K, Coxeter
groups and their associated Davis complexes are more complicated than their
type H M, counterparts. For example, if r is a reflection in a type H M, group,
the wall X" in the Davis complex ¥ is a contractible homology 1-manifold (The-
orems 2.4.4 and 4.2.3) and is therefore homeomorphic to the real line. The
situation is quite different in the Davis complex corresponding to a type K,

group, as the following lemma illustrates.

Lemma 6.1.1 Let (W, S) be a Cozeter system of type K. If r is a reflection in
W, then the wall 3" is isomorphic to the barycentric subdivision of the (n — 1)-
valent tree (the (n—1)-valent tree is the simply connected graph with n—1 edges

emanating from each vertex).

Proof: If r € W is a reflection, then r is conjugate in W to some generator s € S
(i.e. r =wsv™!). This implies that 3" = v¥* so we may assume without loss
of generality that r € S and determine the structure of the walls corresponding

to generators. Since (W, S) is a type K, Coxeter system, we observe that if
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s,t € S are generators, then s is conjugate in W to t. Therefore every wall in
the Davis complex ¥ is isomorphic to the wall ¥ for some fixed r € S and we
need only determine the structure of a single wall 3". Since the poset WS(S) of
cosets of special subgroups of W contains no chains of length three or greater in
a Coxeter system of type K,,, the wall X" must be a graph. By Theorem 2.4.4,
Y7 is contractible and therefore must be a tree. If s € S is a generator, w € W,
and v = wWisy is a vertex in ¥ (L.e., r = wsw™'), then Theorem 5.2.2 b implies
that there are n — 1 edges emanating from v (each edge corresponding to a chain
wWig < ulWp in WS(S), where ulWp is a coset containing wW,, and uWp is
a vertex in X7). If yWr is a vertex in X" with |T| = 2, then Theorem 5.2.2
a implies that yWr has valence two. The edges which emanate from yW, are
precisely the edges with opposite endpoints having valence n — 1. O

This example underscores the difficulty in proving (or disproving) that a

given Coxeter group of type K, is rigid.

6.2 Elements of Minimal and Maximal Length

In this section, we collect some standard facts about Coxeter systems which
are essential to the material which follows. Let (W, S) be an arbitrary Coxeter

system. Given T' € §(S) and w € W, define
Ar ={w e W : l(wt) > l(w)for all t € T'},

and

S(w)={se S:l(ws) <l(w)}.

Lemma 6.2.1 ([6], Exercise 3, p. 37) Given w € W and T C S, there is a
unique element vy of shortest length in the coset wWr. Moreover, the following

statements are equivalent:
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a) vr = w;
b) w € Ar;
c) for each w € Wy, l(wu) = l(w) + l(u).
Lemma 6.2.2 ([6], Exercise 22, p. 43) If T' € S§(S), then there is a unique

element wr € Wr of longest length.

Lemma 6.2.3 (M. Davis, [14], Lemma 1.6) IfT € S(S) and w € W, then there
exists a unique element in wWr of longest length (namely, the element vrwr ).

Moreover, the following are equivalent:

a) w is the element of longest length in wWr;
b) w=uwr, for some u € Ar;
c) T C S(w).

m(s,t)—1

Lemma 6.2.4 Let s,t € S be such that m(s,t) odd. If z = (st)” = , then tz

is the unique element of maximal length in Wi .
Proof: Observe that
tz =tst---st=sts---ts

where the two latter expressions are of length m(s,t). Lemma 3.2.1 e implies
that
I((tz)t) =1(tz) — 1,
and
[((tz)s) = I(tz) — 1.
From this we see that {s,t} C S(¢z). By Lemma 6.2.3 ¢, it follows that ¢z is the

unique element of longest length in t2Wy, ;= Wy, . O
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6.3 The Action of Cy(r) on X7

Given a group G and an element g € G, the centralizer Cg(g) of g in G is

the set of all elements in GG that commute with g. That is
Calg) ={r € G:xg = ga}.
One can easily show that Cg(g) is a subgroup of G.

Lemma 6.3.1 Given a Cozeter system (W,S) and r € S, the action of W on

the Davis complex % induces an action of the centralizer Cy (1) on the wall ¥

Proof: Since the action of W on the Davis complex ¥ is simplicial, we need only
show that if € Cyy(r) and v is a vertex in X", then x - v is a vertex in X" as
well. Recall that v is a vertex of the wall ¥" if and only if v = wWr for some

w € W and T € §(S) such that r € wWrw™. If x € Cy(r), then
r lre =r e wWpw™?,

implying that r € zwWrwtz~!. From this we deduce that z - v = xwWr is a
vertex of X7. |

Given a Coxeter system (W,S) and r € Rg (recall that Rg is the set of
reflections in W), B. Brink [9] has shown that the centralizer Cy (r) is the
semidirect product of a Coxeter group by a free group. We prove an analogous
result in the case that W is a Coxeter group of type K, by a different method.
In the process we develop a technique for characterizing the collection of mirrors
which meet Y¥". This is the first step required in alleviating the problem discussed
in Section 6.1.

For r;s € S, let

Foo={weW: :wy =¥%°and [(sw) > [(w)}.
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In other words F, ; is the set of w € W which carry X" to X° such that left

multiplication of w by s increases length.

Lemma 6.3.2 Letr € S. Ifu € F,,, then K and uK lie in the same component

of ¥ — X" (where K is the fundamental chamber in the Davis complex defined

on page 34).

Proof: Suppose X" separates K and ukK. It follows that ru/K and K are on the

same side of X" If u = uqus - - - uy is a reduced expression for u, then the gallery
K ui K, ugus KK, ... uqug - - - up i
crosses X" exactly once (by Lemma 3.1.8). This implies that the gallery
KoulK,...,uy - -up K, ruy, - upkK
crosses X" exactly twice. By Lemma 3.1.8 and Lemma 3.2.1 e,
lru) =k —1<l(u) =k,
which is a contradiction. O
Theorem 6.3.3 Ifr € S, then F,, is a subgroup of the centralizer Cy (r).

Proof: If x € F}.,, then
DT VLA )

By Lemma 3.1.1, it follows that xrz~' = r. Consequently x € Cy (r) and

therefore F,, C Cy (r). We must show that F,., is closed under multiplication
and inversion.

Pick u,v € F,,. Since r commutes with © we apply Lemma 3.2.1 a to obtain:

Iru™) = 1((ru™") 1) = 1(ur) = I(ru) > I(u).
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Since u~!'¥" = X7, it follows that u™! € F,,, implying that F,, is closed under
inversion.

Applying uv to the Davis complex ¥ we have K and wvK in the same
component of ¥ — 3" (by Lemma 6.3.2), which implies that X" separates K and

ruvK. If uv = 8189+ - s is a reduced expression for uv, then the gallery
K, SlK, 81$2K, .., 81,82 'SkK

never crosses %' (by Lemma 3.1.8), and to reach the chamber ruvK we must

cross through »". By Lemma 3.1.8 and Lemma 3.2.1 e,
l(ruv) = l(uv) + 1 > I(uv).
Since
wd =u(vX") =uX" =%"
it follows that uv € F, ,. Therefore F,, is closed under multiplication, complet-

ing the proof. O

Theorem 6.3.4 If r € S, then the centralizer Cy (1) decomposes as the direct

product Cy (r) = Wy X F ;.

Proof: We proceed in three steps.

Claim 1: The intersection Wi,y N F,., is trivial.
Observing that

0=1I(r-r)<l(r)=1,

it follows that r ¢ F,.,. Since W,y = {1,7}, we conclude that

WinNFE.,= {1}.
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Claim 2: The centralizer Cy (1) = W,y - F,.

Let x € Wy, - F.,. Then x = yz for some y € Wi,y and 2 € F}.,. Then
DT = YT = ey = Yy = X

By Lemma 3.1.1, we see that zrz~! = r. This implies that = € Cy(r) and
so Wy - Frp € Cw(r). It remains to show the reverse inclusion. To this

end, let z € Cy (r). Since 3" = X", if I[(rz) > I(z), then
reF, CWy - F.,.
Suppose (rz) < [(x). Then
raY =ary =2y =¥’

Noting that

l(r-rz) =1(z) > l(rx)
we deduce that rz € F., and so
r=r-rv € Wy F.,.
This implies that Cy (r) C Wy - Fp, hence Cy (1) = W,y - F,., as desired.

Claim 3: The subgroups Wi,y and F}., are normal subgroups of the centralizer
CW (7’ ) .

Let x € Cy (r). Since x commutes with  we have
sWiy = {x,or} = {x,ra} = Wy

Therefore Wi,y is normal in Cy (r). By Claim 2, the subgroup F;, has
index 2 in Cy/(r), hence F,., is a normal subgroup of the centralizer Cyy (1)

as well.
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Since any group having subgroups satisfying the hypotheses of Claims 1-3 de-

composes as a direct product of the two subgroups, the result follows. ]
Lemma 6.3.5 Letr,s,t € S. Ifue F,5 andv € Fy,, then vu € F,.;.

Proof: Observe that vuX” = X! and that the chambers K and uK are on the
same side of the wall ¥°, while the chambers K and vK are on the same side
of the wall ¥ (by the same argument as in the proof of Lemma 6.3.2). Since v
acts by isometry on the Davis complex Y, the chambers v K and vu /K are on the
same side of ¥'. Thus K and vuK are on the same side of X', By Lemma 3.1.8,

l[(tvu) > l(vu), which implies that vu € F, . O

Theorem 6.3.6 Let (W, .S) be a Cozeter system of type K, and let a € S. Given

vertices ulWy, vWy € X%, there exists an o € F, , such that aulW, = vWy.

Proof: We consider three cases.

Case 1: We first suppose that a € A and that ulW, = Wy4. In this case Wy,
is a subgroup of Wy4. As in Lemma 6.2.1, let ¥ be the unique element of

minimal length in vWy,. In this case
Wigna = oWy, € X°
(i.e., 'Wyqy is a vertex in the wall ¥*), so a = ()~ 'w. This implies that
(@)—12a _ E(E)*l(w — e
Applying Lemma 3.2.1 a, we obtain:

l(a(®)™") = U(va) > I(v) = (V) ")
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(the inequality is due to the minimality of ¥ in vW,). We may now
conclude that (0)™' € F,,. Since (0) 'oWyiy = Wi, it follows that

(v)~'v € W4 and, by letting o = (7)~! we see that
Oé’UWA = WA = UWA
as desired.

Case 2: We continue to assume that a € A. If ulWy # Wy, let o, € F,, be
such that aulWW, = Wy and oW, = W, (Case 1 provides the existence

of the elements « and (3). It follows that
ﬁflauWA = ﬁ”WA = oWy,

By Theorem 6.3.3, 7 'a € F,,. Which completes the proof in the case

that a € A.

Case 3: If a ¢ A, pick t € A and let

ma.t)—
z = (at) 2

Then zaz™!

=t, and tz is the unique element in Wy, ;; of maximal length
(by Lemma 6.2.4). Observe that zX* = X and, by maximality, [(tz) >
[(z). Consequently, z € F,;. Since ulW4 and vW, are vertices of £, it
follows that zuWW4 and zvWy are vertices of X*. Since t € A, Case 2 applies:

we find 8 € F;; with BzulW 4 = zvW 4. This means that 27 B2uWy = oWy
and, by Lemma 6.3.5, 273z € F,,.

This completes the proof. O
Recall that when (W, S) is a Coxeter system such that W is of type K, the

nerve N(S) is isomorphic to the Coxeter graph I's, which is the complete graph
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on n vertices. Let sdN(S) be the graph obtained from N(S) by barycentrically
subdividing N (S) and labelling by {s,t} the new vertex obtained in the subdi-
vision of the edge joining s and ¢ in N(S). Note that sdN(S) has the homotopy
type of N(S) (and of I'g).

If a € S, then Cy(a) acts on 3% by Lemma 6.3.1. Restricting to our
attention to the subgroup F, , of the centralizer Cy(a), one notes that F,, acts

on X* as well. We now obtain a characterization of the quotient graph F, .\
Theorem 6.3.7 The quotient graph F, ,\X* is isomorphic to sdN(S).

Proof: Let V(X?) and V(sdN(S)) be the vertex sets of 3% and sdN(S), respec-
tively. Define
F:V(E) — V(sdN(S))

by f(wWy) = T for all wWy € V(X%) (f is well-defined by Corollary 3.2.4).

This induces a simplicial map
f 3% — sdN(5)
defined by the following.
1. If v € V(X9) is a vertex of ¢, then f(v) = f(v).

2. If e = {wW4,vWpg} is an edge in 3, then f(e) is the edge

fle) = {f(wWa), f(vWg)} = {A, B}.
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Let p : ¥* — F, ,\X* denote the projection map. We show that f and p

respect each other’s identifications. In this case a simplicial isomorphism
h: Fo o \X* — sdN(S)

is induced.

First suppose that f(ulW,) = f(vWpg). This implies that A = B. By The-
orem 6.3.6, there is an @ € F,, such that awW, = vWWpg. In other words,
p(uWa) = p(uWp).

Now assume that p(ulW4) = p(vWp). This means that there is an a €
F, . such that aulW, = vWp. Elementary group theory tells us that this is
only possible if and only if W, = Wpg. By Corollary 3.2.4, A = B. Therefore
f(uWy) = f(vWp), and the result follows. O

Since X% is simply connected, it is the universal cover of F,,\X% and the
subgroup £y, is the group of deck transformations corresponding to this cover.
Standard covering space theory implies that F, , = m(F,,\X%) and, since the
map

h:F,,\X* — sdN(S)

of Theorem 6.3.7 is an isomorphism,
T (sdN(S)) = m(Foo\X) = Fua.
With this in mind we have the following result.

Corollary 6.3.8 If (W,S) is a Coxeter group of type K, and a € W 1is a
n? —3n+2

reflection, then the subgroup F,, is a free group of rank 5

Proof: The fundamental group of any graph is a free group with basis in one-

to-one correspondence with the edges outside a maximal tree. Since sdN(S)
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has the homotopy type of N(S), we may consider 7 (N(S)). By Lemma 5.1.1,

the nerve N(S) is the complete graph on n vertices. It is easy to show that a

n(n —1)
2
emanating from a single vertex form a maximal tree. Therefore the rank of

complete graph on n vertices has edges and that the n — 1 vertices

(N (S)) is equal to

n(n —1) n?—3n+2
A -1y = s

and, since w1 (N(S)) = F,q, the result follows. a

6.4 A Reduction Process

Given a Coxeter system (W, S, m) of type K, and a € S, we are now in a
position to characterize the collection of walls which meet the wall 3¢. The key

element in this characterization is Theorem 6.3.6. Assume

S: {81,82,...,8n},

and a = s;. The collection of maximal special subgroups of W is indexed by the

set

Z={{s,5;} €S(9):1<i<j<n}

If A={s;,s;} € Z, then the special subgroup Wy is a dihedral group of order
2m(s;, s;) and, for any w € W, the coset wlV, is a vertex of the wall ¥ whenever
a € wWw™!. Call such a vertex a mazimal vertex of ¥. Let R4 be the set of
reflections in Wy (recall that Ry = {ubu™' :u € Wa, b € A}).

For each A € Z, consider the set

Va={uWs€X:aecuWau'}.
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The set V4 is the collection of maximal vertices of X% which are left cosets of
W4 in W. By Theorem 6.3.7, vertices ulW,vWpg € 3¢ are equivalent under
the action of F,, if and only if A = B. Thus, for each A € Z, and any coset
uWy4 € Yy, the equivalence class [ulV4] of ulV4 under the action of F, , on the

wall X% is equal to V4.

Theorem 6.4.1 Let a € S and p € W. If ¥P is a wall in the Davis complex
Y and XP N X £ (), then there exists A € Z, a reflection v € Ry, an element

a € Fq, and a coset uaWa € Y such that 3P = ausd".

In other words, the wall ¥? can be expressed as a Fy, ,-translate of another wall
> and the element r is reflection in the dihedral subgroup Wjy.
Proof: For each A € Z, fix a representative uqsW, € Y4 for the equivalence
class [usaWa4| under the (F,,)-action on X% Let v be the vertex in which 7
meets X (that v is unique follows from the proof of Theorem 5.2.6). Since
v € Yy for some set A € Z, it follows that v = ausW, for some a € F,, (by
Theorem 6.3.6). The walls that meet the vertex Wy in 3 are precisely the walls
of the form >" where r € R4. Therefore the walls which meet the vertex v in X
are precisely the walls of the form au WaX". O
As a consequence of Theorem 6.4.1, we may locate a finite collection of
walls W in the Davis complex Y such that each wall meeting the wall X¢ is a

(F,q)-translate of a wall in W.

6.5 Application of the Reduction Process

Suppose W is a Coxeter group of type K, with Coxeter systems (W, J5)

and (W, S"). Though we know that I's and I'g: are isomorphic, we would like
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to show that I'g and I'ss are graph-isomorphic (recall that this would imply
rigidity of W). In order to do so we must determine m/(p, q) for each pair of
distinct generators p,q € S’ (cf. Section 4.2).

Fix a generator a € S. As in the proof of Theorem 6.4.1, for each A € Z, we
choose a representative usW 4 for the equivalence class of the maximal vertices
under the action of the group F, , on the wall 3. For each p € S’, we view 7
as a wall in X(S) (by Theorem 5.4.2, each generator in S” acts by reflection on
¥(S)). We conclude that p = xbz~! for some b € S and z € W (every reflection
on X(S) is conjugate to an element of §). Since W is of type K, the generator
b is conjugate in W to a and we may assume without loss of generality that
p = zaxr~'. As a consequence, YP = zX% Since the Coxeter system (W, S’) is
also of type K, given p,q € S’, we know that Wy, ; is a finite dihedral group.

Corollary 4.1.3 implies that
SVira =3P N1 A£ 0.
Since YP = xX?, it follows that
XN £
and therefore
IR N £ ().
Applying Theorem 6.4.1, for each ¢ € S" — {p} we write

,
Y= aqups,Wa, X",

for some oy € F,q, Ay € Z, 1y € Ry, and uy W4, a representative of the
equivalence [u AqWAq] under the action of F,, on X% In order to determine
m/(p,q) it is necessary and sufficient to determine the order of the dihedral

group Wy, .
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In approaching this problem, we are lead to consider the following question.
Given A,B € Z, elements o, € F,,, reflections r4 € Ry, rg € Rp, and

usaWy, upWp representatives of maximal vertices in X%, when is
auAX" N fugd’™®
nonempty? By applying (au4)™!, this is equivalent to deciding if
YA N [(ua) ta ! Bup) DB

is nonempty. By noting that t(r,)t~! = a for some t € W (every reflection is
conjugate to a and, when A is given explicitly, we can determine a finite list of

choices for t), we may further reduce the question to the following: when is
YNt Hug) o BupX®

nonempty?

By Theorem 6.4.1, if
YNt ug) ta T BugtE £

then there exists v € Fj,, and maximal vertex representative zW¢ € X¢ such
that

veX¥ =t Huy) ta BupX B

for some y € Rc. Though this gives an explicit method for approaching the
general rigidity problem for Coxeter groups of type K,, it appears to be quite

difficult to determine the existence of the triple (v, z2W¢, y) directly.

6.6 Conclusion

As mentioned in Section 5.4, Corollary 5.4.8 yields an infinite subclass of

type K, Coxeter groups which are rigid. In Chapter 6 we have discussed a
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strategy for extending rigidity to the entire class of type K, Coxeter groups.
The characterization of the interaction of walls given by Theorem 6.4.1 provides
a first step in understanding the complicated topology of the Davis complex
corresponding to a type K, Coxeter group. It is hoped that this analysis will
facilitate the application of geometric methods (especially the theory of C AT'(0)

groups) in the future.
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