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Abstract

Let W be a right-angled Coxeter group. We characterize the centralizer
of the Coxeter element of a finite special subgroup of W. As an applica-
tion, we give a solution to the generalized word problem for Inn(WW) in
Aut(W).
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1 Introduction

Let (W,S) be a right-angled Coxeter system. If the special subgroup Wy
generated by T" C S is finite, then Wy is an elementary abelian 2-group of rank
|T|. The product of the elements of T, denoted ur, is called the Coxeter element
of Wr. In this article we describe the centralizer C(ur) of ur. Specifically, we
prove:

Theorem: If T C S is such that Wr is finite, then C(ur) = Wr.

Though Coxeter groups have been studied extensively, their automorphism
groups have received relatively little attention. We show how the result above
can be used in the study of the automorphisms of right-angled Coxeter groups.
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Some other results concerning the automorphism group of a right-angled Cox-
eter group appear in [10], [13] and [16].

If W is a right-angled Coxeter group, then the group Aut(W) of automor-
phisms of W acts on the set of conjugacy classes of involutions in W. Following
Tits [16], the kernel of this action is denoted by Aut®(W). Since W is a CAT(0)
group [12], the index of Aut®(W) in Aut(W) is finite and there is a series

1 QInn(W) < Aut® (W) < Aut(W)

of normal subgroups of Aut(W). A presentation for Aut°(W) was given by
Miihlherr in [13]. Using a generating set .4 obtained as a slight modifica-
tion of Miihlherr’s and the characterization of centralizers of Coxeter elements
above, we construct an effective algorithm for deciding whether a word in the
free group F'(A) represents an inner automorphism of W under the natural
mapping F(A) — Aut®(W). In other words, we prove the following.

Theorem The generalized word problem for Inn(W) in Aut®(W) is solvable.

Since the quotient Aut(W')/Aut°(W) is finite, techniques developed by Farb [9]
imply the following.

Corollary The generalized word problem for Inn(W) in Aut(W) is solvable.

Remark: There are other ways to solve the generalized word problem for
Inn(W) in Aut®(W). For example, one can use the “distance matrix,” defined
in [13], to detect inner automorphisms of . The algorithm given in this paper
has the advantage of being both practical and elementary in nature. Indeed,
as it relies only on the combinatorics of the Coxeter diagram, one can easily
implement it “by hand.”

Section 2 contains a brief review of Coxeter systems and groups. In Section
3 we develop the main combinatorial tool, which is a characterization of the
centralizer of the “Coxeter element” of a maximal finite special subgroup. The
algorithm for detecting inner autormorphims is developed in Section 4.

2 Coxeter systems and Coxeter groups

A Cozxeter system is a triple (W, S, m) where W is a group, S is a finite subset
of W, and
m:SxS—{1,2...,00}

such that

1. m(s,t) =1 if and only if s = ¢;
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2. m(s,t) =m(t,s) for all s,t € S

3. W has a presentation of the form (S| (st)™" for all s,t € S) (there is
no relator when m(s,t) = c0).

The group W is called a Cozeter group. When there is no confusion, we omit
reference to “m” and call (W, S) a Coxeter system. Given a Coxeter system
(W, S,m), let I's be the graph defined as follows:

1. The vertex set of I is S.

2. Distinct vertices s,t € S are joined by the (undirected) edge {s, ¢} if and
only if m(s,t) < co.

3. The edge {s,t} is labeled m(s,t) if and only if m(s,t) > 2.

The graph I'g, called the Cozeter diagram of (W, S, m), provides a convenient
method of encoding a Coxeter system diagrammatically. A Coxeter system
(W, S, m) such that m(s,t) =2 or m(s,t) = oo whenever s,t € S are distinct
is said to be a right-angled Cozeter system. The diagram of a right-angled
Coxeter system is therefore an unlabeled graph. We remark that there is a
standard metric dr on the diagram of a right-angled Coxeter group that assigns
length one to each edge. That there is a one-to-one correspondence between
right-angled Coxeter groups and their diagrams is not obvious. A result due
to D. Radcliffe [14] shows that this is, in fact, the case. Thus, a Coxeter group
is said to be right-angled if it has a right-angled Coxeter system.

Since s = s7! in W for all s € S, each element w € W has an expression

as a positive word of the form w = s1s5...5, where s; € S for all 1 <7 < n.
We say that such an expression for w is reduced if n is as small as possible;
the number of symbols in a reduced expression for w is called the length of w,
denoted ¢(w).

The following result is fundamental to the theory of Coxeter groups. Proofs
may be found in [3], [5] or [11]

Theorem 2.1 (The Deletion Condition) Let (W, S) be a Coxeter system
and suppose that w = s1---8, is a word in the generating set S. If w is not
reduced then there exist indices 1 < i < 5 < n such that the words

!
W = 8189 'Si—lsi-i-l . .Sj—lsj-f—l c Sy
and w = sy -+ S, represent the same element of W.

Remark 2.2 It is clear that, in general, the deleted symbols s; and s; above
are conjugate in W. However, if (W, S) is right-angled and s € S, there is a
retraction W — W, whose kernel is the normal closure of S — {s} (cf. [2]).
It follows that elements of S are conjugate in W if and only if they are equal.
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Remark 2.3 In [17], Tits showed that a consequence of the Deletion Condi-
tion is the solvablity of the word problem for Coxeter groups.

Let (W, S) be a Coxeter system with diagram I's. If T" C S, then W7 denotes
the subgroup of W generated by T (by definition, the subgroup generated
by the empty set is the trivial subgroup); such subgroups are called special
subgroups. The significance of the special subgroups is demonstrated by the
following results (for proofs, see [5] or [11]).

Theorem 2.4 Let A,B C S. Then
(a) WA N WB = WAQB.

(b) If m is the restriction of m to A x A, then Wy is a Coxeter group with
Cozxeter system (Wa, A,m,). Moreover, the subgraph of I's spanned by
A is a Cozeter diagram for Wu.

(c) If (W, S) is right-angled, then the following are equivalent:
(i) Wa is finite.
(ii) The subgraph of T's spanned by A is complete.

(i) Wa is an elementary abelian 2-group of rank |A|.

3 Right-angled Coxeter groups

For the remainder of this article (W, .S) denotes a right-angled Coxeter system
with diagram I'g. We consider the centralizers of certain elements of W; it
turns out that these centralizers are conveniently described in terms of the
Coxeter diagram. If w € W, then C'(w) denotes the centralizer of w in W.

For each s € S, we define the following subsets of S:
s*={te S|dpr(s,t) <1}

and
st ={t e S|dp(s,t) > 1}.

The next result follows from the work of Brink [6].

Theorem 3.1 (B. Brink [6]) If (W,S) is a right-angled Coxeter system, then
C(s) = Wy« for each s € S.

Lemma 3.2 Lett € S and w € W such that tw = wt. If w = s1---8, is a
reduced expression for w, then ts; = s;t for each 1 <1 < n.
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PROOF: Since w € C(t), we have that w € Wy« by Theorem 3.1. The result
now follows immediately from [11], Theorem 5.5 (b). O

As noted above, special subgroups and their corresponding subgraphs play
a key role. Of particular interest is the set

M(S) ={T C S| Wris a maximal finite subgroup}.

A consequence of Theorem 2.4 (c¢) is that the maximal finite special subgroups
of W are in one-to-one correspondence with the maximal complete subgraphs
of I's. For each T' € M(S5), let

ur = Ht

teT

Since Wy is abelian, uz is independent of the ordering of T. We call uy the
Cozxeter element of Wr.

Lemma 3.3 If T € M(S), then ur is an involution in W and {(ur) = |T|.

Proof: Since Wr is abelian, it follows that (ur)? = 1 in . The second assertion
follows immediately from the Deletion Condition and Remark 2.2. O

We are now able to characterize the centralizers of Coxeter elements.

Theorem 3.4 Let T € M(S) and x € C(ur). If © = s1--- s, is a reduced
expression for x then, s;t =ts; for all1 <i<n, and allt € T.

Proof: The proof relies on elementary properties of the length function (see
e. g, [11]). f T ={t1,... ,t,} we write up = t; - - - t,, and proceed by induc-
tion on ¢(x). If ¢(x) = 1, then we have

Sl(tl .. .tm) — (tl . 'tm)sl'

By Lemma 3.3, ugp =ty - - - t,,, is a reduced expression for ur and so Lemma 3.2
applies.

Now assume the result holds for all elements of C'(ur) of length less than n.
There are two cases to consider.

Case 1: If l(xt;) < £(z) for some 1 < i < m, then ¢(zt;) = n — 1 and
xt; = S1- - Spt; is not reduced. Hence, we may apply the Deletion Condition
to obtained a shorter expression for zt;. Since s - - - s, is reduced, one of the
deleted letters must be ¢; and so t; = s; for some 1 < j < n. In particular,
s;t = ts; for all t € T. Now we have

ur = quafl
= (s1---spti)ur(tisn -~ - 51)

= (81 .. .S]_lsj_"_l DY STL)UT(STZ DY Sj-‘rlsj—l DR Sl)
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As (s1---5j_18j41+ - - Sy) is reduced, it follows by induction that s;t = ts; for
all7# jand all t € T.

Case 2: If {(zt;) > £(z) for all 1 <14 < m, then it follows that

TUP = (51 .. 'Sn)(tl .. 'tm)

is a reduced expression for xur (see e. g., [8], Lemma 1.3). Since

(51 .. 'Sn)(tl .. 'tm)sn — (tl .. 'tm)(sl - Sn—l)u

the expression on the left-hand side is not reduced. By the Deletion Condition,
there is an integer 1 < j < n such that s; = s,,. It follows that

(SjJrl"'Sn)(tl"'tm) — (Sj"'sn)(tl"'tm)sn

— Sn(SjJrl"'Sn)(tl"'tm)Sn

in W. Moreover, since (sq - - - s,,)(t1 - - - t,) is reduced, s0is (Sj41 -~ 85) (t1 -+ - ).
Lemma 3.2 implies that s,t; = t;s, for all 1 <i < m.

The result now follows by induction. O

We conclude this section with characterizations of the centralizers of Cox-
eter elements and the center of W in terms of M(S). The proof of each is a
straightforward application of Theorem 3.4.

Corollary 3.5 If T € M(S), then C(ur) = Wr.

Corollary 3.6 If Z(W) denotes the center of W, then Z(W) = ﬂ Wr.
TeM(S)

4 Detecting Inner Automorphisms

Let G be a group with finite generating set A and let H be a finitely generated
subgroup of G. If there is an algorithm that decides whether or not a word in
the free group with basis A represents an element of H, then the generalized
word problem for H in G is said to be solvable.

For any group G, let Aut®°(G) denote the kernel of the obvious action of
Aut(G) on the set of conjugacy classes of involutions of G. Clearly, Inn(G) is
a normal subgroup of Aut®(G) and so there is a normal series

1 QInn(G) < Aut®(G) < Aut(G).

In a Coxeter group, there are only finitely many conjugacy classes of involu-
tions of (this follows from [15] or the fact that Coxeter groups are CAT(0)
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groups [12]). Therefore, if G is any Coxeter group (not necessarily right-
angled), then Aut®(G) has finite index in Aut(G).

In [13], Miihlherr gives a presentation for Aut®(W) in the case that W is
a right-angled Coxeter group. We describe a set A of generators for Aut®(W)
obtained as a slight modification of that given by Miihlherr. We then provide
a solution to the generalized word problem for Inn(W) in Aut(W).

We assume that the diameter of I'g is greater than one (otherwise, Inn(W)
is trivial). For each s € S, the subgraph of I's spanned by st consists of
a nonempty collection of components. If K is the vertex set of one such
component, then the mapping o, : S — W defined by

sts if te K
UsK(t)_{ t if t¢ K )

extends uniquely to an involutory automorphism o of W. It follows from [13]
that the set
A= {0k |s5€S, K acomponent of s*}

generates Aut®(W).

For each 7 € Inn(W), fix an element a, € W such that 7(z) = a,zra !
for all x € W. Note that, if v € W is an involution, then 7(v) is conjugate
to v in S. An initial segment for 7(v) is a reduced expression w, such that
7(v) = wyvw, ! in W. A key observation is the following: a, € w,C(v) for every
involution v € W. In particular,

a-€ [\ wuClur). (2)

TeM(S)

Theorem 4.1 The generalized word problem for Inn(W) in Aut®(W) is solv-
able.

Proof: Let 7 € Aut®(W). Since the elements of A are involutions of Aut®(W),
there exist o4, K, ... ,0s,k, € Asuch that 7 = o4, k, -+ 05, i, in Aut®(W) (in
other words, every element of Aut°(W) can be expressed as a positive word in
the free group with basis A). Using (1) and the Deletion Condition, the initial
segment w,,,. of the Coxeter element ur can be computed for each 7' € M(S).
By Corollary 3.5, w,,.C(ur) = w,,Wr and so the intersection

() wurClur) (3)

TeM(S)

is a finite set of elements in W. Using the Deletion Condition, one can enu-
merate the elements of (3) as a list of positive reduced expressions. If this
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intersection is empty, then it follows from (2) that 7 ¢ Inn(W). Otherwise,

we write
ﬂ Wy, Clur) ={z1,... 2.}
TeM(S)

where each z; is given as a positive reduced expression. Again, applying the
Deletion Condition, the question of whether there exists an integer 1 < i < r
such that

wssws_l = ziszi_l

in W for all s € S is decidable. O

It is well-known that W has a faithful representation in GL(V'), where V is
a finite-dimensional real vector space (cf. [5]). It follows that W is residually
finite (see e. g., [1]). Since the automorphism group of a finitely generated
residually finite group is residually finite [4], it follows that Aut(WW) has solv-
able word problem.

Corollary 4.2 The generalized word problem for Inn(W) in Aut(W) is solv-
able.

Proof: Since Aut®(W) has finite index in Aut(W), it follows that Aut®(WV) is a
quasiconvex subgroup of Aut(W) (with respect to any finite set of generators
for Aut(W)). The result now follows immediately from Theorem 4.1 above,
and Propositions 2.1 and 4.2 of [9]. a

References

[1] R. Alperin, An elementary account of Selberg’s lemma, L’Enseignement
Mathématique 33 (1987) 269-273.

[2] P. Bahls and M. Mihalik, Reflection independence in even Coxeter groups,
Geom. Dedicata 110 (2005) 63-80.

[3] P. Bahls and M. Mihalik, Centralizers of parabolic subgroups of even
Coxeter groups, preprint.

[4] G. Baumslag, Automorphism groups of residually finite groups, J. London
Math. Soc. 38 (1963).

[5] N. Bourbaki, FElements of Mathematics, Lie Groups and Lie Algebras,
Chapters 4-6, (Springer-Verlag, Berlin, Heidelberg, New York, 2002).

[6] B. Brink, On centralizers of reflections in Coxeter groups Bull. London
Math. Soc. 28 (1996) 465-470.



Centralizers of Coxeter elements 473

[7]
8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

K. Brown, Buildings, (Springer-Verlag, New York, 1989).

M. Davis, The cohomology of a Coxeter group with group ring coefficients,
Duke Math. J. 91 2 (1998) 297-314.

B. Farb, The extrinsic geometry of subgroups and the generalized word
problem, Proc. London Math. Soc. (3) 68 (1994), 577-593.

M. Gutierrez and A. Kaul, Automorphisms of right-angled Coxeter
groups, preprint.

J. Humphreys, Reflection groups and Cozeter groups, (Cambridge Univer-
sity Press, Cambridge, 1990).

G. Moussong, Hyperbolic Coxeter groups, Ph. D. thesis, The Ohio State
University.

B. Miihlherr, Automorphisms of graph-universal Coxeter groups, J. Alge-
bra 200 (1998), 629-649.

D.  Radcliffe, Rigidity =~ of  right-angled  Coxeter  groups,
arXiv:math.GR/9901049.

R. W. Richardson, Conjugacy classes of involutions in Coxeter groups,
Bull. Austral. Math. Soc. 26 (1982) 1-15.

J. Tits, Sur le groupe des automorphismes de certains groupes de Coxeter,
J. Algebra 113 (1988), 346-357.

J. Tits, Le problém des mots dans les groupes de Coxeter, Symposia Math-
ematica (INDAM, Rome, 1967/68) vol. 1. pp. 175-185, (Academic Press,
London, 1969).

Received: November, 2008



